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Abstract

Quasiparticle interference (QPI) mapping using a scanning tunneling microscope (STM) is a
notoriously slow measurement technique for gaining insights into the band structure of 2D quantum
materials. In conventional QPI mapping the data recording is serial. Thus, complex experiments
involving variations of various degrees of freedom such as magnetic field, temperature, doping, or
strain become very cumbersome due to the finite hold time of liquid helium cryostats. In this master
thesis we build upon the previously developed baseline of sparse sampling and verify its applicability
in a low temperature STM by exploiting the natural sparsity of QPI data. We will demonstrate that
combining a few sparse measurements with faster point spectroscopy leads to an orders of magnitude
faster QPI mapping by utilizing a compressive sensing recovery algorithm. We will furthermore
introduce a new adaptive sparse sampling scheme that allows to cumulatively stack individual
measurement cycles to gradually improve the QPI quality. We will exemplify these concepts using
the noble metal Au(111), the high temperature superconductor Bi2Sr2CaCu2O8+δ and the
topological Weyl semimetal WTe2. We will also study how experimental nonlinearities influence the
developed method and how these can potentially be resolved.

A second part of this master thesis is dedicated to a deep learning-based approach for denoising low
counting statistics X-ray diffraction data. Many times the counting time in diffraction experiments is
limited due to various circumstances such as beam damage or when performed in pulsed magnetic
fields. Thus, the intrinsic signal is often times overshadowed by noise. By training two different deep
convolutional neural networks (CNN) we will show its usefulness in denoising X-ray diffraction data.
The networks will be trained on both experimental and artificial noise and we will show that training
on real experimental data leads to better performance when denoising real low count data. This is in
contrast to the predominant methodology in AI-assisted image denoising, that is training on
artificially added noise to high counting statistics data.
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1 Sparse sampling for fast quasiparticle interference mapping

1.1 Scanning Tunneling Microscope

1.1.1 Introduction

A scanning tunneling microscope (STM) is a surface sensitive measurement device, which achieves
atomic resolution1 by utilizing a very sharp metallic tip that is preferably terminated by a single
atom. Its invention dates back to 1983 when G. Binning and H. Rohrer demonstrated the working
principle of the first STM using Au(110), Si(111), and GaAs(111) samples [1]. The basic setup is
shown in Figure 1. An STM mainly consists of some piezoelectric actuators (PZA) for moving the
tip in both lateral (x,y) and out-of-plane (z) direction. By applying a voltage onto the PZAs one
can achieve a very small contraction or expansion of the piezo crystals, resulting in a very precise tip
movement close to the sample surface. A metallic tip is attached to the PZA such that by applying a
bias voltage between the tip and the sample, a tunneling current can be measured and with that both
topographic information as well as electronic properties of the sample.

+

Tip (one atom)

Sample surface

Bias voltage

Piezo crystal

Control unit / Computer

x y

Tunneling current

Amplifier

set-point current

z

Feedback loop

Scan output: x and y
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y
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z

-
+

Amplifier

Comparator

Figure 1: Schematic setup of a scanning tunneling microscope (STM). The tip is usually situated only
a few atomic diameters above the sample surface. Applying a bias voltage between the tip and the
sample will lead to an exponentially small tunneling current, which can be measured. This allows to
directly visualize topographic features by rastering the tip along the surface. Figure adapted from [3].

There are two different operation modes of an STM that are depicted in Figure 2. Instead of keeping
the height of the tip constant during the lateral movement (constant height mode) one can also adjust
the height (z) in order to maintain a constant tunneling current (constant current model). The latter
involves an additional feedback loop and is therefore slower but reduces the risk of the tip crashing
into the sample surface. In the constant current mode, the effective tunneling current is amplified2

and converted into a voltage, which is then compared to a reference value. The resulting difference in
voltage is then used to drive the z-piezo, adjusting the height above the surface to ensure a constant
current. Due to the fact that the tip hovers only a few atomic diameters above the surface, vibrational
isolation of the STM using special dampers is essential. Furthermore, ultra-high vacuum (UHV) and

1Range of Å, 1 Å= 10−10 m.
2Normally, the measured tunneling current is in the range of a few nA such that powerful amplifiers have to be used

with an appropriate gain-setting.
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1.1 Scanning Tunneling Microscope Jens Oppliger

cryogenic temperatures are crucial to ensure a stable measurement environment. By rastering the
tip along a rectangular grid one can measure the tunneling current respectively the corresponding
z-height and create a two-dimensional image of the surface morphology (topography) as illustrated in
Figure 2 on the right.

It
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Constant height mode
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z
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V

Constant current mode Heringbone
20 nmStanding waves

Figure 2: Visualization of constant height and constant current mode. The right panel shows a topo-
graphic image of Au(111) with characteristic Herringbone reconstruction and standing wave patterns.
The latter is due to electrons that scatter at surface impurities leading to a modulation of the local
density of states (LDOS).

In addition to resolving topographic features, an STM is also able to study the electronic properties
such as the band structure of 2D quantum materials by utilizing the quantum nature of electrons. It
achieves this via a technique denoted as Fourier transform STM (FT-STM) or quasiparticle interference
(QPI) imaging [2], which will be described at a later point. In the following I will mostly follow the
book of J. Chen [3] unless specified otherwise. The main ability of an STM is to measure a very small
tunneling current, which arises from the quantum nature of electrons. When the tip is situated very
close above the surface of the sample then the wave functions of the tip electronic states will overlap
with the wave functions of the sample electronic states. Due to this overlap, there exists a finite
probability for electrons to tunnel through the vacuum-like potential barrier between the tip and the
sample. By applying a bias voltage V between the tip and sample one can maintain this tunneling
current by shifting the effective Fermi level of the sample with respect to the Fermi level of the tip.
Normally, these two Fermi levels would become equal very quickly by the exchange of electrons leading
to an energy equilibrium. Depending on the sign of the applied voltage one can either probe the empty
states (V > 0) or the occupied states of the sample (V < 0). Vice versa one probes the occupied tip
states when using a positive voltage and the empty tip states when using a negative voltage.

1.1.2 Classical explanation of the tunneling current phenomena

Classically one can describe an electron with energy E that hits onto an external potential barrier of
height U = U(z) as

p2

2m
+ U(z) = E ⇔ p =

√
2m(E − U(z)) (1)

where p is the classical electron momentum and m is the (free) electron mass. The electron should
classically not be able to penetrate the potential barrier for E < U(z) (no real solutions exist because
of the square root term). However, according to quantum mechanics an electron is in fact not just
a particle but also a wave. Thus, it can be described by a wave function ψ(r⃗), which fulfils the
(time-independent) Schrödinger equation

Hψ(r⃗) = Eψ(r⃗) with Hamiltonian H = Ekin + Epot =
p̂2

2m
+ U(r⃗) (2)

Where now the electron momentum is described by a quantum mechanical operator p̂ = −iℏ∇⃗. In 1D
we then obtain

3



1.1 Scanning Tunneling Microscope Jens Oppliger

[
− ℏ2

2m

d2

dz2
+ U(z)

]
ψ(z) = Eψ(z) (3)

Using the Ansatz of a plane wave, the above differential equation for ψ(z) has solutions in both the
classically allowed and the classically forbidden regions

ψ(z) =

U > E : ψ(0) e±ikz with k =

√
2m(E−U)

ℏ

U < E : ψ(0) e−κz with κ =

√
2m(U−E)

ℏ

(4)

We see that the probability density of finding an electron beyond the tunneling barrier (in +z direc-
tion3) is finite, even though it decays exponentially fast after passing the potential barrier as

A ∝ |ψ(z)|2 ∝ e−2κz ̸= 0 (5)

where κ is often denoted as the decay constant. Considering a simple metal-vacuum-metal junction
the Fermi energy at absolute zero temperature is given by the work function ϕ of the metal surface,
which is the minimum energy required to remove an electron from the bulk of the material into the
vacuum region. Let us assume that the work function of the tip and the sample are identical. If we
then apply a small negative bias voltage V ≪ ϕ/e then the Fermi level of the tip with respect to
the Fermi level of the sample will effectively be reduced by −eV . This means that electronic sample
states ψn with energies EF − eV < En < EF are now able to tunnel into the empty tip states as
schematically illustrated in Figure 3. In this case only the states that are very close to the Fermi level
will play a role in the tunneling current such that the decay constant of a sample state that is situated
near the Fermi level is given by the work function

I(z) = I(0) e−2κz with κ =

√
2mϕ

ℏ
≈ 5
√
ϕ (eV) nm−1 (6)

On average the work function ϕ of metals is in the order of a few eV, which means that the measured
tunneling current decreases by one order of magnitude per 0.1 nm (1 Å) height increase. Therefore,
an STM is very sensitive to tiny changes of local sample features when the tip is brought very close
to the sample surface.

vacuum level

Energy

Height
0z

V

EF,sample

EF,tip

ϕ

eV

e-

It

tip sample

empty states

occupied states

Figure 3: 1D tunneling phenomena for electrons. By applying a negative bias voltage V one can
introduce a constant difference in Fermi levels of the sample and the tip, which leads to a tunneling
current It from the sample to the tip. The opposite scenario is achieved by applying a positive bias
voltage. It is assumed that the difference in energy is small compared to the work function ϕ.

3Actually, the tunneling behaviour is bi-directional, i.e. quantum mechanics also allows for decaying electron wave
functions in −z direction.
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1.1 Scanning Tunneling Microscope Jens Oppliger

1.1.3 Bardeen theory of tunneling

One of the main theories describing the effect of electron tunneling was developed by J. Bardeen
[4]. The main idea is to solve the stationary Schrödinger equation of the two systems (tip and
sample) separately from which the tunneling current, respectively the electron transmission rate, can
be obtained using time-dependent perturbation theory. Near the Fermi level and by applying a positive
bias voltage V the electron transmission rate can be seen as a convolution of the density of states ρ
of the two electrodes under the influence of thermal broadening of the states4

I ∝
∞∫

−∞

{f(E − eV )ρs(E − eV )ρt(E)− f(E)ρs(E − eV )ρt(E)}|M |2 dε with E = EF + ε (7)

f is the Fermi-Dirac distribution describing the occupation of electron states as a function of temper-
ature and energy. The amplitude of the electron transfer |M |2 contains the exponentially decaying
tunneling probability through the vacuum barrier with increasing separation distance.5 One can then
use some further simplifying assumptions

- The amplitude of the electron transfer |M |2 is constant in the energy interval of interest, which
means that the overlap of the wave functions of the two sub-systems is small.

- The thermal broadening kBT is small compared to the desired energy resolution and therefore
the Fermi-Dirac distribution f(E) = (1 + exp[(E − EF )/kBT ])

−1 can be replaced by a step
function.

- The density of states of the tip is flat, i.e. its influence on the sample electron wave functions is
small and it can thus be seen as constant near the Fermi level.

Using these assumptions, one obtains a simpler expression for the tunneling current

I ∝ e−2κzρt(EF )

eV∫
0

ρs(EF − eV + ε) dε (8)

A similar expression can be derived for applying a negative bias voltage between tip and sample.

1.1.4 Quasiparticle interference

Next to the ability of mapping topographic features of a sample surface, manipulating single atoms
for the creation of the smallest possible nanostructures, an STM is also able gain valuable insights
into the electronic properties of quantum materials such as their band structure. Band structures
can be derived for electrons situated in a periodic potential (atomic lattice) obeying the Schrödinger
equation and provides a relation between the energy of electrons and their momentum E(k⃗). The main
solutions for the time-independent Schrödinger equation are Bloch wave functions ψ

k⃗
(r⃗), which can

be described as linear superposition of plane waves modulated by a periodic function as a consequence
of the periodic crystal lattice

ψ
k⃗
(r⃗) = eik⃗·r⃗ u(r⃗) with u(r⃗) = u(r⃗ + R⃗n) (9)

where R⃗n are real space lattice vectors. The dispersion relation can then be calculated using a Bloch
wave Ansatz and including the effect of an external potential utilizing second order perturbation
theory. Adding an additional perturbing potential such as impurities, point defects or step edges
will lead to standing wave patterns in the electron density, i.e. the elastic scattering of electrons at
impurities will lead to an interference pattern that modulates the local density of states (LDOS) [2],
which is defined as

4This is only true under the assumption of elastic tunneling Eµ = Eν (µ: states on the left , ν states on the right).
5M is often denoted as the tunneling matrix element.
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1.1 Scanning Tunneling Microscope Jens Oppliger

LDOS(r⃗, E) =
∑
k⃗

|ψ
k⃗
(r⃗)|2 δ(E − E(k⃗)) (10)

For noble metals such as Cu, Au or Ag, where the dispersion relation has a parabolic shape, such
standing waves in the electron density are known as Friedel oscillations and were first observed in 1993
on Cu(111) [5]. Friedel oscillations can be modelled by Bessel functions of the first kind J0 [6]

LDOS(r⃗, E) ∝ 1− J0(qx) (11)

where q is the magnitude of the momentum transfer during a scattering event when electrons with ini-
tial momentum k⃗i scatter and end up with a final momentum k⃗f but the same energy. The momentum
transfer for an isotropic parabolic spectrum then becomes

q⃗ = k⃗i − k⃗f = k⃗i − (−k⃗i) = 2k⃗i (12)

An STM can probe the mentioned LDOS modulations indirectly in the presence of such scattering
events via the measurement of the tunneling current [2]

It ∝ Vt LDOS(r⃗, EF ) e
−2κz (13)

which is true under the assumption of low bias voltages, zero temperature and a tip containing s-wave
like states. In practice one measures the differential conductance G = dI/dV on every point of a
predefined 2D grid, i.e. G = G(x, y) resulting in a 2D dI/dV map. Information about the in-plane
scattering wave vectors q⃗ can then be obtained by transforming the obtained dI/dV map into Fourier
space. This technique is denoted quasiparticle interference (QPI) imaging or Fourier Transform-STM
[2] and allows to indirectly gain insights into the band structure of the studied materials via the
scattering of electrons at surface impurities. The basic principle of said technique is depicted in
Figure 4.

q

E(k)

k
kikf

q

Measure dI/dV(E) on 2D grid 2D FT of dI/dV(E) map Stacked QPI: dispersion relation

2D FT

(LDOS(E) map) (QPI(E) pattern)

Figure 4: The concept of quasiparticle interference (QPI) imaging and how to achieve in-plane mo-
mentum sensitivity with a scanning tunneling microscope (STM). By measuring the differential con-
ductance at various locations (x, y) on a 2D grid (real space) one obtains a dI/dV map at a specific
energy E, which resembles standing wave patterns respectively a modulation of the local density of
states (LDOS). The data presented here has been taken from [7] and shows a ring of 48 Fe atoms,
which confine electron states on a Cu(111) surface. A Fourier transform of such LDOS maps from
real into scattering space (q-space) where a ring of radius q emerges (Shockley surface state). This is
denoted as the QPI pattern at a particular energy. The scattering wave vector q is indicated both in
the middle and the right panel. The latter shows a schematic parabolic isotropic dispersion relation
(blue) of a typical nearly free electron gas material such as found on the surface of the noble metal
Cu(111). It is obtained by stacking QPI patterns at different energies.
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1.2 Compressive Sensing

1.2.1 Introduction

The understanding of signal sampling methodologies is of major importance in a ever-growing digital-
ization of our society and various fields of research. The fundamental concept regarding the sampling
of band-limited signals that are continuous in the time domain is dictated by the famous Shannon-
Nyquist sampling theorem. It describes that any signal, which satisfies the above conditions, can be
exactly recovered by sampling it uniformly with a rate that is twice the maximum contained signal
frequency [8][9][10] also known as the Shannon-Nyquist sampling rate fs = 2fmax. This theorem is
widely applied in countless data acquisition protocols including, audio and video recording, radio tech-
nology, medical imaging and many more [11]. From a technological point of view the Shannon-Nyquist
sampling theorem has moved the field of signal processing from the purely analog to the digital terri-
tory under the prospect of Moore’s law that emerged in 1965 and predicted that the computational
power would double every year [12][13].6 However, in recent years the predicted trend of Moore’s law
shows to be deviating substantially from the true technological advances in semiconductor transistor
manufacturing [14]. The main limitation originates from the very dense packing of transistors in the
nanometer regime leading to the emergence of leakage currents. This problem paired with the fact that
in many computational tasks the highest signal frequency is very high and thus the required Nyquist
sampling rate becomes exceedingly large as well. This results in a vast amount of samples needed
for a complete reconstruction of the signal via sinc interpolation [10] whose memory storage requires
an ever growing amount of resources. This issue is addressed by the concept of data compression,
which aims at reducing the memory requirements for measured high-dimensional data by converting
the measured signal into a vector space that allows to describe it in a concise or

”
compressed“ way.

Signal compression schemes such as JPEG (for images) or MP3 (for audio) are nowadays omnipresent
in various electronic areas. The working principle of natural image compression can be understood
in terms of a digital CCD camera that is for example contained in a smartphone. A CCD camera
contains millions of pixels each requiring multiple bits of memory. Because the acquired image cannot
be stored in its original form7 the CPU of the device will transform the original image (signal) into the
more compact discrete cosine transform (DCT) vector space. The key feature of this transformation
is that in the DCT domain the image contains only a few coefficients (pixels) that carry most of the
information content, i.e. most of the energy. Removing those coefficients with small energy leads to a
dimensionality-reduction of the data. Performing an inverse DCT transform one obtains a compressed
version of the original image that differs only a little bit from the original image.

Lo Hi

Original image x

10

5

0

-5

-10

10

8

6

4

2

DCT representation y 10% largest DCT coefficients y' 

Lo Hi

Compressed image x'

dct2(x) idct2(y')

Figure 5: Concept of signal compressibility illustrated at the example of a natural grayscale image.
Natural images can be converted into the discrete cosine transform (DCT) basis where only a few
coefficients carry most of the energy (the colorbar is in a logarithmic scale). By keeping only a small
fraction of said coefficients (the remaining coefficients are set to zero) and performing an inverse
transformation one obtains a compressed version of the original image (JPEG algorithm). Note that
nowadays the JPEG-2000 algorithm is used as a standard. Instead of the DCT basis it uses specific
wavelet transform bases leading to a much better overall compression without compromising much of
the quality [15].

6The original statement refers to a doubling of the number of transistors per integrated circuit.
7In a 10 MP CCD camera where each pixel requires 24 bit of memory, a single image would amount to 30 GB.
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1.2.2 Sparsity and the sensing of sparse signals

In Figure 5 we focused on an image that was compressible via the DCT basis. With a compressible
representation we refer to some signal that can be well-approximated by another signal with S non-zero
coefficients [12]. In mathematical terms we say that a signal x⃗ of length N is sparse in some basis Ψ if it
contains only S ≪ N non-zero coefficients in said basis. Another example in one dimension is depicted
in Figure 6 and shows that a sinusoidal signal that can be represented with very few coefficients in the
Fourier domain. For band-limited signals the Shannon-Nyquist sampling theorem states a minimum
number of samples for a perfect reconstruction of such signals by measuring it in its non-sparse form.
In this example the non-sparse domain is the time domain as there the signal has non-zero values
(nearly) everywhere. However, if the signal has a sparse (or approximately sparse) representation in
some vector domain then one could think of sensing the signal directly in its compressed form, which
would require much lower sampling rates since most of the coefficients are zero. This is the main idea
behind compressive sensing or sparse sampling as we will refer to it synonymously.
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Figure 6: A signal consisting of a superposition of sinusoids is corrupted by noise (left). In its time
domain the signal is not sparse because most of the coefficients are not zero. On the other hand
the signal is (approximately) sparse in the Fourier domain (right). The traditional Nyquist sampling
rate depends on the maximum signal frequency leading to a large amount of samples required for
a successful reconstruction of the original signal (schematically depicted in red). The concept of
compressive sensing (sparse sampling) allows to sample the signal at a much lower rate because the
signal only consists of very few relevant coefficients (four) in the Fourier domain (schematically depicted
in yellow).

The
”
sensing“ of a signal can be expressed via a linear system of equations [16]. When measuring M

samples of a signal of length N one has

Ax⃗ = y⃗ (14)

A ∈ CM×N hereby models the linear data acquisition process (sensing matrix). x⃗ ∈ CN×1 is the signal
than one tries to reconstruct from a set of measurements y⃗ ∈ RM×1. According to linear algebra
Equation 14 is under-determined if M < N , which means that there exists no unique solution for x⃗.
compressive sensing aims at solving such under-determined systems of equations when M ≪ N when
the signal x⃗ has a sparse representation x⃗s in some orthonormal basis Ψ where it only contains S
non-zero coefficients

Ψx⃗s = x⃗ (15)

One of the major breakthroughs in the field of compressive sensing was made by Candès, Romberg
and Tao [17] as well as Donoho [18] in 2006. The authors proved that a sparse signal can be exactly
reconstructed using only a few linear, non-adaptive measurements. The condition of non-adaptive or
incoherent sampling is of major importance to construct suited sensing matrices and is often stated
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as the restricted isometry property (RIP) that gives a general measure for the robustness of the signal
reconstruction using a specific sensing matrix A [11]

(1− δs)||x⃗||22 ≤ ||Ax⃗||22 ≤ (1 + δs)||x⃗||22 (16)

where ||x⃗||2 denotes the ℓ2-norm of x⃗ (Euclidean norm). The general ℓp-norm (p ≥ 0) of a vector
x⃗ = (x1, x2, ..., xN )T is defined as

||x⃗||p ≡

(
N∑
i=1

|xi|p
)1/p

(17)

For p = 0 one defines the
”
pseudo-norm“ as a measure for the number of non-zero elements of a vector

within the scope of compressive sensing [18]. It can also be shown that M = 2S is the theoretical
minimal number of measurements to recover all S-sparse vectors x⃗s via the ℓ0-norm minimization
approach

min ||x⃗s||0 subject to y⃗ = Ax⃗ = AΨx⃗s (= Ax⃗s) (18)

However, since the locations of the non-zero coefficients in x⃗s is a-priori not known solving Equation 18
becomes a computational NP-hard problem.8 Going back to Equation 16 we say that a sensing matrix
A obeys the RIP of order S if δs is not too close to one, which means that A approximately preserves
the ℓ2-norm of S-sparse signals [11]. The RIP is a necessary and sufficient condition on the sensing
matrix A to ensure the exact recovery of all S-sparse vectors x⃗s from a set of linear measurements
as stated in Equation 14 [16] via the ℓ1-norm minimization. The main practical difference between
these two norms is that the ℓ1-norm can be solved very efficiently using linear programming. Similar
to the ℓ0-norm, the ℓ1-norm also promotes sparse solutions, which makes intuitively sense by looking
at the unit spheres using different p-norms in two dimensions as shown in Figure 7. A unit sphere is
characterized by unitary length ||x⃗||p = 1 for all points x⃗ in the given space. Suppose that we are given
a signal x⃗ ∈ R2 that we wish to approximate using another point x⃗′ situated in a one-dimensional space
A. The different ℓp-norms will give us the error of this approximation. The main task is again solving
a minimization problem where we want to minimize the error ||x⃗ − x⃗′||p for x⃗′ ∈ A. By increasing
the

”
radius“ of the respective unit spheres (increasing the error) one observes that the approximated

solution vector x⃗′ ∈ A is most likely sparse when using either the ℓ0 or the ℓ1-norm.9

x x'

x'

x x

x'

x

A

x'

p = 0 p = 1 p = 2 p = ∞
A AA

→ → → → →

→

→

→

Figure 7: Different unit spheres in two dimensions for different p-norms (p = 0 is a
”
pseudo-norm“).

Approximating a point x⃗ by some other point x⃗′ situated in a one-dimensional space A involves a
minimization of the ℓp error. Both the ℓ0 and the ℓ1-norm hereby promote sparse solutions (the
approximated vector x⃗′ ∈ A only has one non-zero component). For p ≥ 2 the solution x⃗′ has two
non-zero components except for very rare cases.

8A NP-hard problem (NP = Non-Polynomial) is characterized by the fact that the needed number of computations
grows exponentially (or even faster) when the number of free parameters increases (in the context of this work given by
the signal length N). Such problems cannot be solved in polynomial time.

9In fact any norm with p < 1 will promote sparse solutions as the resulting unit spheres have a convex shape.

9



1.2 Compressive Sensing Jens Oppliger

If the RIP holds then it was proven that the solution provided by hypothetically solving the ℓ0-norm
is identical to the solution obtained by solving the ℓ1-norm for the majority of cases [17][18]. This
result led to a major increase in attention towards compressive sensing leading to various efficient
optimization routines for solving Equation 14 if the number of measurements M is much smaller than
the signal length N and also much below the Nyquist sampling regime. One of such algorithms is basis
pursuit denoise (BPDN) (or LASSO) [19][38] where one additionally introduces some error threshold
σ ∈ R > 0 into the problem

min ||x⃗s||1 subject to ||Ax⃗s − y⃗||2 ≤ σ (19)

The minimum number of measurements M required for successfully recovering all S-sparse vectors of
a signal x⃗s of length N depends on the used sensing matrix A. For example, it is known [11] that
symmetric Bernoulli or other sub-gaussian distributions satisfy the RIP as long as

M ≥ CS log(N/S) with C > 0 (20)

It turns out that Equation 20 defines a lower limit on the number of measurements required in general.
For other bases that are orthonormal such as partial Fourier bases, which will be important for the
main part of this thesis, it was shown that more measurements are required for a complete sparse
recovery [20].

1.2.3 Applications

Because of the fact that the amount of acquired data will continue to grow while technological advances
in manufacturing higher dense-packed transistors stagnates might lead to a future bottleneck. This is
where new methods of data handling need to be developed. Going back to Figure 5 we can see such
a potential bottleneck already. A CCD camera takes an uncompressed image just to discard most
of the information during the compression stage. It is straight-forward to see that such a process
is very inefficient. Compressive sensing could hereby serve as a useful tool as it allows to directly
acquire the relevant information of the signal in its compressed digital form without the need of
measuring the complete image. This creates opportunities for new fields such as super-resolution
used for signal enhancements [21]. Today, compressive sensing has been successfully incorporated
into medical imaging such as magnetic resonance imaging [22], pattern recognition [23] and radar
techniques [24]. Because of the fact that many signals are sparse in some known basis or can be
approximated by some sparse signal (compressibility) the applications of compressive sensing are far-
reaching and also straight-forward to implement using existing fast algorithms. The key point is that
one needs to non-adaptively (randomly) measure the signal in a basis where it is not sparse and then
use a linear program after the data acquisition step to directly reconstruct the signal in its sparse
domain [11].
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1.3 Sparse sampling applied to Scanning Tunneling Microscopy

1.3.1 Introduction

The major work of this thesis is based on the knowledge acquired during my Bachelor thesis, which
resulted in a proof of principles of sparse sampling in a simulated quasiparticle interference (QPI)
experiment [25]. In the following we will go over the previously developed principles that form the
foundation of the novel work presented in this thesis. In Section 1.1.4 we described the experimental
procedure in obtaining insights into the band structure of 2D quantum materials via the Fourier
transform of dI/dV maps for different energies (see also Figure 4). Compared to angle resolved
photo-emission spectroscopy (ARPES), which serves as the main tool for band structure analysis,
QPI experiments using a Scanning Tunneling Microscope (STM) are an indirect way of measuring
the band structure. Some advantages of an STM over ARPES are the compatibility with extreme
environments such as magnetic fields, micron-sized samples, cryogenic temperatures and field-effect
devices. The main disadvantage of an STM is that the technique is notoriously slow as it contains a
single

”
sensor“ (the tip), which can only be at one place at a time. It therefore requires a lot of time

to map out a 2D scan area, which is large enough to achieve the necessary resolution in q-space. This
is because the finest momentum space resolution is given by qmin = 2π/L where L is the physical size
of the scan frame. To complement this condition it also has to be made sure that an adequate amount
of pixels is chosen to cover a the desired reciprocal space area [30]. Measuring at different energies
introduces another dimension where the acquired point spectrum requires a fine enough energy spacing
to distinguish small nuances of dispersive scattering wave vectors. To get a better intuition about the
time-consuming nature of QPI mapping experiments consider the case of mapping a 512×512 pixel
grid where each point spectrum takes 1 second. The total mapping time would be around 3 days.
For a 1024×1024 pixel grid one would need to maintain stable measurement conditions for more than
12 days, which is longer than the normal hold time of liquid helium cryostats (currently around 11
days [31]). Increasing the parameter space to include varying temperatures, magnetic fields, different
doping levels etc. will lead to a rapid growth of the measurement time, which makes executing more
complex experiments very cumbersome. Nevertheless, an STM can be seen as complementary to
ARPES as it excels under conditions where ARPES is limited as mentioned above.

By studying QPI patterns obtained from the Fourier transform of dI/dV maps one can identify a
common characteristics among all of these patterns: they are very sparse. Figure 8 shows a range of
QPI patterns obtained on different materials showing a diverse range of structural complexity. But
nevertheless, most of the coefficients in these patterns (i.e. most of the pixel values) are close to zero.
This renders the utilization of Compressive Sensing in such experiments overly compelling [32] and
forms the motivation of this and prior work [25] where we introduced the concept of sparse sampling
for referring to a Compressive Sensing framework that we developed within the scope of STM-QPI
mapping experiments.

Figure 8: In an STM in-plane momentum sensitivity can be achieved via QPI mapping experiments.
Such patterns all show the common characteristic of sparsity as most of the pixels are close to zero
(white color). The data presented here has been taken from [26][27][28][29] (from left to right).

In Section 1.2.2 we established an intuitive understanding of compressive sensing. When some signal
can be represented in a basis where most of its coefficients are (approximately) zero, i.e. the signal is
sparse in that domain, then we can apply a linear algorithm built around an ℓ1-norm minimization
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problem, as described by Equation 19, to fully recover said sparse coefficients from only a few non-
adaptive measurements in a domain where the signal is not sparse. In the case of QPI mapping
experiments, the non-sparse domain is the real domain (local density of states (LDOS) modulations)
and the sparse domain is the Fourier domain (q-space). Figure 9 exemplifies the concept of sparse
sampling using a modulation of the LDOS of Cu(111) modelled by a Bessel function of the first kind
[2]. By sampling the resulting standing wave pattern only at a few random locations we are able to
recover the sparse QPI pattern and from there apply an inverse Fourier transform get back to the real
space image. In this thesis we focus on the experimental verification of this sparse sampling concept
applied to QPI imaging in a low-temperature STM.

Ω

tip path

full 
sampling

sparse
sampling

x

y

2π/a

sparse
recovery

2π/a 1nm

FFT
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iFFT
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Figure 9: Concept of sparse sampling in an STM-QPI experiment [25]. A simulated standing wave
pattern of Cu(111) at 4.3 eV with underlying atomic corrugation and added Gaussian noise (middle
panel on the left). We acquire an undersampled set of measurements (bottom left) utilizing a near-
optimal traveling salesperson (TSP) tip path (top left). From these measurements (20% of the full
64×64 pixel grid) we can reconstruct the sparse QPI pattern in the Fourier domain via an efficient ℓ1-
norm minimization algorithm [38][39]. Applying an inverse Fourier transform yields again the original
LDOS modulations.

1.3.2 Traveling salesperson path implementation

Within the scope of sparse sampling, we are generally interested in measuring a small set of mea-
surements. To satisfy the incoherency requirement (RIP) of compressive sensing, these measurements
generally should be randomly distributed on a rectangular (square) grid of size nx×ny. Performing a
conventional line-by-line motion to visit all the points would be very inefficient as most of the pixels
are not measured anyways. To minimize the required sampling time, we want to reduce the overall
time required for moving the tip through all of the M selected locations. This task can be formulated
as the famous open traveling salesperson (TSP) problem.10 In our previous work [25] we made use of
a genetic algorithm [34] to find the near-optimal path between the selected locations. Furthermore,
we enforce a probability density gradient at the borders. This helps to reduce the finite size border
artifacts that would otherwise appear after the sparse reconstruction due to the assumed continuity
by the Fourier transform. Because of the poor scaling of the TSP calculation (NP-hardness with
complexity O(M !)) we added two improvements to enable an efficient path calculation

(1) A cheapest insertion algorithm [35] for less time-consuming path calculations

(2) A binary tree search to sub-divide the original rectangular grid into smaller subtiles

10We denote it as
”
open“ because we do not need to return to the starting position after visiting every point.
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The used cheapest insertion and binary tree algorithms is outlined in Appendix A.1. Using a cheapest
insertion algorithm slightly increases the overall path length but is limited by a maximum length not
larger than twice the path length of the best possible path and has a computational complexity of
O(M2 log2(M)) [36]. Because of the computational complexity of the TSP problem, one cannot arbi-
trary increase the number of points without exponentially increasing the computation time. Therefore,
the method of sub-dividing the complete rectangular grid into smaller tiles is necessary if one would like
to calculate a path that contains tens of thousands of measurement locations. In Figure 10 we compare
the resulting paths on a 1024×1024 pixel grid with 1000 random locations. One clearly observes that
the genetic algorithm leads to a more optimized path than the cheapest insertion algorithm. But the
latter one is obtained in a much shorter time. We find that on average the paths resulting from the
cheapest insertion approach are approximately 10% longer than the ones obtained when using 3000
measurement locations. Under a practical aspect the latter number is close to the maximum amount
of locations when using the genetic algorithm due to its poor scalability. Everything larger than that
results in potentially day-long calculations when using a conventional PC. Because of the NP-hardness
of the TSP problem one can drastically reduce the computation time by calculating the TSP solution
for a smaller subset of points and connecting the resulting k tiles with another near-optimal path. In
this case the complexity reduces to O(k(M/k)!) where k is the number of tiles and M is the total
number of locations to visit.

Cheapest insertion Genetic algorithm Genetic algorithm with tiling

st
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t
fin
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h

length: 26'811 pixel
CPU time: 4.5 seconds 

length: 25'182 pixel
CPU time: 412 seconds 

length: 25'449 pixel
CPU time: 100 seconds 

Figure 10: Comparison of traveling salesperson (TSP) paths resulting from different algorithms. A
relatively fast path calculation can be achieved using a cheapest insertion algorithm [35] whereas a
genetic algorithm [34] leads to a shorter overall path length. In order to measure tens of thousands of
points one can subdivide the original grid into smaller tiles to substantially reduce the computation
time while making use of a genetic algorithm for a more optimized path. All paths shown are calculated
for the same random locations.

To cover a wide range of pixel grids and number of measurement locations we pre-calculate several
different TSP paths spanning a range of 10’000 to around 250’000 points. These paths are sub-divided
into smaller tiles where every tile contains on average around 500 points for a much more efficient
calculation. Therefore, the number of tiles ranges from a few dozens to over 400 for a complete path.

1.3.3 Experimental setup

The experimental data in this thesis has been obtained using a Createc low-temperature STM as
shown in Figure 11. The main cooling mechanism is provided by a 4 K liquid helium cryostat that is
surrounded by multiple thermal shielding layers containing further coolants such as liquid nitrogen (77
K). The microscope itself it situated in another smaller container below the cryostat where the Joule-
Thomson effect is used to cool down the liquid helium to around 1.5 K. The sample can be transferred
between the preparation chamber, the load lock and the STM chamber using a manipulator stick.
These chambers are all separated by mechanical gate valves that can be opened or closed. Both
preparation and STM chamber are in a ultra-high vacuum (UHV) state (∼ 10−9 to 10−10 mbar).
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The preparation chamber is at room temperature and contains various attachments such as an ion
gun for sputtering the sample. As a counterpart there exists an annealing station that is mounted
on the manipulator stick. The load lock consists of a small volume that can be pumped down to
pressures of ∼ 10−7 mbar relatively fast. It therefore can be used for quick sample transfers from
ambient conditions into the UHV of the preparation chamber. The load lock further contains a tip
heating station utilizing high voltage applied between the tip and a tungsten filament (not visible in
the picture), which was built with the help of Danyang Liu. The motion of the tip within the STM
head (inset in Figure 11) is controlled by a Nanonis SPM controller. Next to lateral (x, y) motion the
tip can also be moved in the out-of-plane z direction. A coarse walker motor is additionally installed
for traversing larger distances on the sample as the piezoelectric tubes only have a limited range in
the orders of µm.

STM head

tip

Sample manipulator

LHe cryostat

Preparation chamberSTM chamber

Load lock

Figure 11: Createc low-temperature STM that has been used to verify the concept of sparse sampling
in quasiparticle interference (QPI) imaging experiments. Some key components are highlighted with
arrows. The inset shows the STM head containing the actual microscope that is situated below the
liquid helium cryostat.
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1.3.4 Sparse sampling on Au(111)

In the following we will apply the developed sparse sampling method in a real experiment. Figure 12
illustrates the sparse sampling procedure applied to a real STM environment using a Au(111) single
crystal. Prior to its measurement the crystal is prepared using multiple sputtering-annealing cycles.
The sputtering has been performed with Ar+ ions followed by annealing of the sample. Figure 12(a)
describes the data acquisition process. A suitable path consisting of M locations on a grid of size
nx × ny pixels is chosen depending on the scan frame size and the desired resolution in q-space where
the relation has been outlined previously. The STM tip is then controlled to take a spectrum at every
of the pre-defined points originating from a near-optimal TSP path, which is loadded into the SPM
controller. Such a spectrum is shown in the middle panel of Figure 12(a) and shows both I(V ) as well
as the dI/dV (V ) (differential conductance) traces recorded using conventional bias spectroscopy on
the Au(111) surface. At one energy one can define differential conductance traces that contain the
differential conductance value at that specific energy for all the successively measured locations (right
panel in Figure 12(a)). In Figure 12(b) the reconstruction of the sparse QPI patterns using a highly
undersampled set of measurements is depicted. In a first step we populate 2D matrices of size nx×ny
with the corresponding conductance values at one energy. The locations of these values are defined
by the used tip path. We later decompose these matrices into two 1D vectors. One of these vectors
contains the measurement values and will be denoted as y ∈ RM×1. The other vector q of same size
encodes the designated locations in the original 2D matrix. We then define a normalized 2D Fourier
transform operator Ψ ∈ CN×N where N = nx × ny. Ψ represents our sparsifying basis of the signal
we would like to reconstruct (QPI pattern situated in reciprocal q-space). In a next step we create
the measurement matrix A by multiplying a restriction operator Ω ∈ RM×N with Ψ. Ω is constructed
such that row i has a single 1 in column q(i). The named operators are provided within the scope of
the SPARCO toolbox [37].

A = ΩΨ with


Ψ ∈ CN×N

Ω ∈ RM×N

A ∈ CM×N

(21)

Prior to any reconstruction we perform some data treatment. First, we remove the prominent outliers
in the conductance traces that can be observed in the right panel of Figure 12(a). After that we
conduct a global data normalization to avoid numeric precision issues in the later reconstruction
process. In said data normalization we rescale all the values of the individual measurement vectors
yj to the range of [0, 1] using the global minimum and maximum value of the stacked 2D matrix Y
containing the conductance traces at all energies

yj =
yj −min (Y )

max (Y )−min (Y )
with Y = [y1 , y2 , y3 , ... , ynE ] (22)

where nE is the number of energy increments in a point spectrum. For every individual energy we then
pass the corresponding measurement vector yj and the measurement matrix Aj to the sparse least
squares solver SPGL1 [38][39], which solves a basis pursuit denoise (BPDN) problem by minimizing
the ℓ1-norm of the solution xj with quadratic constraints given as in Equation 19. We choose the
error threshold σj in terms of the standard deviation of the respective measurement vector yj . The
algorithm will then reconstruct the sparse QPI signal as shown in the middle panel of Figure 12(b)
where we show four different QPI patterns of Au(111). Next to the circular nearly free electron
Shockley surface state, that is present in many noble metals, we also observe the scattering wave
vectors belonging to the (22 ×

√
3) Heringbone surface reconstruction of Au(111) [40]. By applying

an inverse Fourier transform we can transform from the sparse q-space back into the non-sparse real
space where we originally measured the signal.
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Figure 12: Sparse sampling procedure for speeding up QPI mapping experiments demonstrated on
Au(111) at a temperature of 4.2 K. (a) Data acquisition process using conventional bias spectroscopy
for measuring the single point spectrum for 1.6 seconds at predefined locations on the sample utilizing a
near-optimal tip path. Here we measure on a 205×205 nm region around 84’000 points of a 2048×2048
pixel grid (≈ 2% sampling). The total measurement time is around 38 hours whereas a conventional
QPI mapping experiment using the same size and averaging time for a single spectrum would have
taken around 78 days. Stacking the conductance values for all the points at the same energy (bias
voltage) results in conductance traces. (b) The sparse recovery of the QPI pattern is performed by
populating 2D matrices with the measured conductance values from (a). Solving a basis pursuit denoise
(BPDN) problem allows to reconstruct the sparse QPI information from a highly undersampled set of
measurements. Here we show four different QPI patterns at -450, -350, -250 and -150 meV. Using an
inverse Fourier transform we can obtain the equivalent picture in real space that is the modulation of
the local density of states (LDOS) showing both the Herringbone surface reconstruction and standing
wave patterns corresponding to a Shockley surface state.

The experiment performed in Figure 12 verifies the sparse sampling method by being able to faithfully
reconstruct the famous Au(111) QPI signatures while also performing more than 30 times faster than
the conventional mapping. We furthermore studied the dispersion relation obtained from the Au(111)
sparse sampling measurements. Figure 13(a) shows a single QPI pattern (top) and a zoom-in of
the inverse Fourier transform of the QPI pattern corresponding to the LDOS modulations of the
mapped region. One observes both the Heringbone supermodulation as well as some circular standing
wave patterns. In Figure 13(b) we show the obtained parabolic dispersion relation along two different
directions in q-space marked by the two cones of different colors in Figure 13(a). The vertical direction
(left side in (b)) corresponds to the direction of the Heringbone where we note the presence of a band
gap at around -312 meV when the surface state coincides with the Heringbone periodicity (marked
with an arrow). We attribute the creation of this band gap to the additional periodic potential induced
by the Heringbone supermodulation [41][42].
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Figure 13: Sparse sampling applied on Au(111). The data corresponds to the one used in Figure 12
(2% subsampling of a 2048×2048 pixel grid on a 205×205 nm region). (a) Reconstructed QPI pattern
at -100 meV (top) and corresponding LDOS (zoomed-in) obtained via an inverse Fourier transform of
the former. (b) Dispersion relation obtained by averaging the regions described by the cones (opening
angle of 20◦) depicted in (a) along two different directions. We observe the creation of a band gap
at around -312 meV due to the additional Heringbone potential [41][42]. For the nearly free electron
dispersion we obtain an effective electron mass ofm∗/me = 0.222 ± 0.002. The calculation is described
in Appendix A.2.

The initial QPI mapping experiments that took advantage of the developed sparse sampling method
used conventional bias spectroscopy for obtaining a point spectrum whereas the method was later
combined with parallel spectroscopy. The latter allows to decrease the measurement time of an
individual spectrum, which in turn means that the overall measurement time is decreased by several
orders of magnitude by combining sparse sampling and parallel spectroscopy [33]. This is due to the
geometric relation between the two techniques where the total mapping time is given by

ttot = pn2tspc + ttravel + tctrl with p ∈ (0, 1] (23)

where we assumed a square grid with n × n pixels. The sparse recovery using compressive sensing
allows to measure only a small subset M = pn2 of the total measurement region. The time for an
individual spectrum tspc can be reduced by a parallel spectroscopy technique, which will be introduced
in the next section. Furthermore, moving the tip requires some traveling time represented by ttravel.
This time can be reduced by using a near-optimal TSP path. Overhead time of the STM controller is
contained in tctrl. It is straight-forward to see that any improvement of either reduction of the amount
of measurements M or the reduction of the time required for a single spectrum will lead to strong
decrease of the overall total mapping time.
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1.3.5 Parallel spectroscopy

In an STM setup one generally makes use of conventional bias spectroscopy where a conventional
lock-in amplifier is used to to measure the differential conductance of a sample at a specific location
and with a specific bias voltage VB applied

G(VB, x, y) = (dI/dV )VB
(x, y) (24)

Instead of first measuring the I(V ) curve and then perform numerical differentiation a lock-in amplifier
allows to obtain the dI/dV curves in real time while increasing the signal-to-noise ratio (SNR) [43].
A normal lock-in amplifier works by applying a small AC-modulation VB at one frequency while
demodulating a narrow frequency range around VB. The measured signal is then multiplied with a
reference sine-wave having the same frequency as the modulation. Integrating the resulting signal and
applying a low-pass filter will lead to the removal of all components that are not close or equal to the
used modulation frequency. The SNR hereby increases the longer this integration is performed. For
multiple applied bias voltages this averaging will lead to a relatively long measurement time needed
for a single spectrum in order to maintain a desirable signal quality.

In recent years a novel phase-coherent lock-in technique has been developed, which allows to recon-
struct non-linear I(V ) characteristics with an AFM [44]. The measurement time resulting from this
technique can be orders of magnitudes smaller for a single spectrum than using conventional bias
spectroscopy. Instead of applying a small AC-modulation around the applied bias voltage VB this
novel lock-in technique utilizes a large AC-modulation, which covers the whole energy range of inter-
est. When such a large AC-modulation is applied onto an I(V ) curve containing non-linearities higher
harmonics are being generated that are visible in the Fourier transform of the current. This can be
seen by expanding the I(V ) curve in a Taylor series

I(V ) = c0 + c1V + c2V
2 + c3V

3 + ... (25)

One can then apply an AC-modulation V (t) = A cos(ωt) with a large amplitude A and ω = 2πfex
where fex is a large excitation frequency. Then one can write the AC signal as

I(V (t)) = c0 + c1A cos(ωt) + c2A
2 cos2(ωt) + c3A

3 cos3(ωt) + ... (26)

≡ c0 + a1 cos(ωt) + a2 cos
2(ωt) + a3 cos

3(ωt) + ... (27)

Using trigonometric identities one can relate the power factors of the cosine terms to cosine terms
that contain the higher harmonics of the base frequency ω

a2 cos
2(ωt) =

1

2
+

1

2
cos(2ωt) (28)

a3 cos
3(ωt) =

3

4
cos(ωt) +

1

4
cos(3ωt) (29)

These higher harmonics are therefore generated when a large AC-modulation is applied onto a signal
containing non-linearities. The basic concept is depicted in Figure 14 using two different kinds of
spectra that both show non-linear characteristics in their current-voltage curves. The higher harmonics
are visible in the Fourier transform of the I(V ) traces, which were generated with an AC-signal
(cosinusoidal) with excitation frequency fex and an amplitude that covers the complete desired energy
range. The simultaneous demodulation of these harmonics allows to reconstruct the original I(V )
curves using an inverse Fourier transform and from there obtain the differential conductance dI/dV (V )
by numerical differentiation. In this work this was achieved by using a multifrequency lock-in amplifier
from Intermodulation products. Due to the fact that the tunneling junction is excited with a large
voltage amplitude there will be displacement currents generated due to stray capacitances. These
need to be compensated appropriately in order to not saturate the pre-amplifier [33].
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Figure 14: Higher harmonics generation when applying a large AC modulation onto a nonlinear I(V )
characteristics visualized using two examples of an artificial and a Au(111) spectrum. Some of the
higher harmonics are marked with red arrows. By measuring a certain number of said harmonics
in parallel one is able to reconstruct the corresponding I(V ) traces and from there the differential
conductance dI/dV (V ). The more harmonics are used the better the reconstructed output becomes.

1.3.6 Sparse sampling on Bi2212

The initial QPI imaging experiments on Au(111) using sparse sampling have proven to be very reliable
at extremely low sampling rates. Because of the natural sparsity of QPI patterns one can extend the
sparse sampling technique to any other kind of 2D quantum material. One of these materials that
has been studied within the scope of this thesis is the high temperature cuprate superconductor
Bi2Sr2CaCu2O8+δ (Bi2212) [33]. Bi2212 has been extensively studied by QPI experiments for many
years [26][45][46][47]. While Au(111) is a single crystal, that can be prepared by sputtering and
annealing cycles, the used Bi2212 sample was in the form of a flaky single crystal, which had to be
glued to the sample plate, cleaved in UHV and directly inserted into the cold STM microscope. Since
Bi2212 is a type-II superconductor vortices will emerge upon the application of an external magnetic
field. A vortex is a region where the magnetic field lines penetrate the material rendering the region
normal conducting. The appearance of vortices will lead to additional vortex-induced quasiparticle
states in reciprocal scattering space [46]. In our case the magnetic field was applied using a sacrificial
magnet that was fixed on the sample holder plate (Liu et al. in-preparation). In Figure 15 we show
the reconstruction of the scattering wave vectors of Bi2212 under the influence of mentioned magnetic
field. The individual spectra have been recorded using parallel spectroscopy as described earlier where
a single spectrum was recorded in 100 ms. In Figure 15(a) we show two different QPI reconstructions
and the corresponding LDOS modulations obtained via an inverse Fourier transform of the former.
Specific scattering wave vectors such as the supermodulation Qsm and the Bragg peaks Qx, Qy are
highlighted. Furthermore, we observe checkerboard structures qx and qy at around 0 meV bias voltage
[46]. In Figure 15(b) we show the dispersion relation obtained by line profiles along the specified
directions in q-space that is along the Bragg peaks Qx and along the supermodulation Qsm.
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Figure 15: Sparse sampling on the high temperature cuprate superconductor Bi2212 at a temperature
of 4.2 K. The grid dimension is 2048×2048 pixel on a 135×135 nm region where a full dI/dV spectrum
was obtained on around 3% of the total available locations using parallel spectroscopy. The mapping
time was around 7 hours. A regular QPI experiment using conventional bias spectroscopy would have
taken over 40 days assuming 1 second per point spectrum. (a) Reconstructed QPI patterns at 0 and
100 meV (top row) and the corresponding LDOS modulations (bottom row). (b) Dispersion relation
along the Bragg peak Qx and supermodulation Qsm direction averaged using a line width of 20 pixels.
We note the appearance of checkerboard structures (qx, qy) at around 0 meV in the direction of Qx

(indicated with an arrow).

1.3.7 Sparse sampling on WTe2

Another 2D quantum material on which we have tested the sparse sampling methodology is the type-II
Weyl semimetal WTe2 where non-closed Fermi arcs appear on the surface that are related to the non-
trivial topological nature of the bulk states [48][49]. Similar to Bi2212, WTe2 samples are in the form
of flaky single crystals obtained by using the exfoliation technique. By cleaving the layered material in
UHV one achieves a clean and flat surface to be studied with STM. In Figure 16 we show the result of
QPI imaging on WTe2 where we sparsely sampled the LDOS at a small set of random location using
conventional bias spectroscopy. Figure 16(a) shows a single reconstructed QPI pattern (top) and the
corresponding LDOS modulations (bottom) at the Fermi energy. We clearly notice the atomic Bragg
peaks Qx and Qy as well as the appearance of dispersing states close to the zone center in reciprocal
space. In the LDOS pattern these states correspond to the additional stripes perpendicular to the
orientation of the atomic rows. In Figure 16(b) we plot the obtained energy dispersion relation along
the two different indicated directions of the Bragg peaks Qx and Qy. We observe a linear dispersion
relation around the Fermi energy.
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Figure 16: Accelerated QPI mapping on the type-II Wely semimetal WTe2 using sparse sampling
at 4.2 K. The scan frame size was 200×200 nm and a full dI/dV spectrum has been measured at
around 3% of the total locations on a 2048×2048 pixel grid using conventional bias spectroscopy.
The mapping time was around 40 hours. (a) Reconstructed QPI pattern at 0 meV (top) shows both
atomic resolution as well as dispersing states close to the zone center. A zoomed in version of the
corresponding LDOS (bottom) shows standing wave patterns corresponding to the dispersive states
obtained via an inverse Fourier transform of the top panel. (b) Dispersion relation along the different
reciprocal lattice vectors Qx and Qy. We find a linear dispersion close to the Fermi energy.

Although we detect some dispersing features close to the zone center (see Figure 16(b)) the full Fermi
arc states as for example seen in [48] are not visible. For once this could be attributed to a to low
sampling rate since the higher q-vectors of the unseen states are less sparse and thus require more
sampling to be reconstructed. Another reason could be a non-ideal tip. However, we also think that
experimental nonlinearities have impacted the results. One of such nonlinearities is thermal drift of the
sample due to local thermal gradients in the STM chamber. These gradients will lead to a displacement
of the sample with respect to the fixed scan frame within we acquire the LDOS measurements over
time. Since we utilize a tiled traveling salesperson tip path we effectively measure local smaller sections
first before proceeding to the next one. Neighboring tiles might also not be measured consecutively
but rather after a longer measurement period. Because of the time-dependent thermal drift there will
be a shift of each tile with respect to its initial position. This shift depends on the direction of the
thermal drift at the time where the points contained in a tile have been measured. Therefore, there will
be a different shift of each tile, which causes a phase-difference at the boundaries of neighboring tiles.
This phase-shift generally gets larger for adjacent tiles that show a large difference in their relative
acquisition time stamp. The consequence is the appearance of an artifact in the recovered QPI pattern,
which we denote as a tiling artifact. In Figure 17 we illustrate the origin of said artifact. Figure 17(a)
shows the LDOS corresponding to a sparsely reconstructed QPI pattern of the same WTe2 dataset as
in Figure 16. The LDOS is superimposed with the tiling arrangement and the visiting order of the
individual tiles. Because of the potentially large time delay between the measurement of neighboring
sections there will be a phase-shift that can be seen along the edges of some of the tiles (best seen by
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zooming into Figure 17(a)). Because of the high sparsity of the atomic rows there usually are enough
measurements in a single tile to recover the corresponding q-vectors. And due to these phase-shifts one
obtains additional Bragg peak satellites in the reconstruction, which are off-setted by some amount
with respect to the true Bragg peak as shown in Figure 17(b). This result is furthermore visually
verified using simulated data in Figure 17(c)-(d). Note that in Figure 17(b) there are more prominent
side peaks in the vertical direction, which can be explained by the fact that the phase-shift of the
tiles appears more in horizontal direction in real space. Such artifacts are already visible in the QPI
pattern in Figure 16(a) but they are not as prominent at that particular energy.

50 nm

(a)

Qy

10 nm-1
-20 meV

(b) (c) (d)start finish tiles tile path

Figure 17: Using a subdivided tip path leads to the appearance of tiling artifact in the reconstruction
around the sparse Bragg peaks. (a) 200×200 nm region showing the dI/dV (LDOS) map at -20
meV corresponding to the reconstructed QPI pattern in (b). The individual tiles (light blue) and the
order of how the tiles are visited (yellow) is indicated. A phase-shift between some neighbouring tiles
emerges because of thermal drift of the sample during the measurement (mapping time of around 40
hours). (b) QPI pattern at -20 meV showing additional Bragg peak satellites around Qy corresponding
to mentioned phase-shift in real space, which we refer to as a tiling artifact (marked with arrows).
(c) Simulated tiling artifact using a mask with randomly placed tiles on a square grid. The random
placement refers to the individual phase-shift of adjacent tiles in (a). (d) 2D fast Fourier transform of
(c) showing a DC component with additional satellites in both horizontal and vertical direction.

We want to point out that the described tiling artifact in Figure 17 is not an artifact of the recon-
struction algorithm but rather due to the partial loss of the spatial relationship between the assumed
locations (tip path) and the true locations where the LDOS measurements have been obtained. In
order to correct this artifact - that is recovering the phase-coherence between the individual tiles - one
would need to shift the individual measurement points to their true location relative to all the other
points prior to feeding the data into the sparse recovery solver. We will further elaborate on this topic
in Section 1.5.
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1.4 Adaptive sparse sampling

1.4.1 Introduction

In the previous sections we described the idea behind sparse sampling and how it can be applied
onto an experimental setup in the form of quasiparticle interference (QPI) mapping using a Scanning
Tunneling Microscope (STM). We have shown that the method allows to fundamentally speed-up the
mapping time for QPI measurements. By combining the reduced amount of local density of states
(LDOS) measurements with parallel spectroscopy the reconstruction of the very sparse scattering wave
vectors becomes orders of magnitudes faster than the conventional grid measurements. This allows
to enlarge the potential parameter space, one could probe considering the very limited hold-time of
modern liquid helium cryostats. It also implies that the reciprocal space resolution can be enhanced
by both measuring a larger sample region and at the same time increasing the pixel density to include
very short-range real space modulations. Here we want to note that the benefit of very large pixel
grids did barely impact the considered cases as most of the studied wave vectors are situated close to
the zone center for which also a smaller grid would have been sufficient. However, for certain types of
materials where one has both very long- and short-range modulations it might be of major importance
to have both a large scan area but also a large enough pixel grid to enable a large field of view in large
reciprocal.

The presented method for fast QPI mapping experiments [25][33] still raises some open questions. On
one hand it doesn’t provide a quantitative measure for the amount of subsampling required to obtain
a desired QPI quality. Even though the compressive sensing theory gives a prescription of the required
number of measurements to allow a successful recovery [11][20], in reality obtaining this quantity is
oftentimes not possible. The reason is that said prescriptions depend on a a-priori insight about the
signal-to-noise ratio and the sparsity level. Both of these measures are generally unknown for the
studied systems even though one might get an intuition by studying the statistics of many different
systems. This could allow to extract specific patterns that would help specifying said parameters
using for example machine learning based approaches. Another issue that was already mentioned in
Section 1.3.7 is about the tiling artifact that we encountered in systems with prominent short-range
periodicities. These issues are the main incentive for a more general sampling approach that we
introduce as adaptive sparse sampling [50]. Similar to the previous procedure we first will illustrate
the new sampling method using a simulated environment and then validate it on actual experimental
STM data. The underlying concept of adaptive sparse sampling is depicted in Figure 18. Instead of
defining the total number of measurements prior to the experiment we iteratively increase the amount
of subsampling during a running experiment by cumulatively stacking smaller traveling salesperson
(TSP) tip paths that cover the complete scan frame of interest. These are chosen such that every
path consists of a few thousand points that can be efficiently calculated without sub-tiling. By pre-
calculating a set of dozens of such tip paths we have access to a large pool of measurement locations
that can be re-used for different experiments. The adaptive sparse sampling variant is initialized by
measuring a regular topography preferably around topographic features that might serve as distinct
references for later image registry to account for thermal drift. Such a region is depicted in Figure
18 by the small inset (red square). By then continuously acquiring a subset of LDOS measurements
using a small-scale tip path followed by a topographic scan one cumulatively increases the number
of measurements as shown in the bottom row of Figure 18. At the same time the reconstruction
quality gradually improves. This effect can be observed in the top row of Figure 18 where the surface
state ring as well as the Bragg peaks become more and more prominent with an increased number of
iterations. This allows to accumulate measurements until a satisfactory signal quality is achieved.
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Figure 18: Adaptive sparse sampling concept illustrated using a simulated Shockley surface state with
atomic corrugation and added Gaussian noise. The leftmost panel shows the quasiparticle interference
(QPI) pattern (top) obtained via a Fourier transform of the total local density of states (LDOS) map
(bottom). By adaptively stacking consecutive tip paths one can accumulate LDOS measurements
in an iterative fashion. We observe that the quality of the sparsely reconstructed QPI pattern is
gradually improved by an increasing number of cumulative measurements. One can further intersect
the maps with smaller topographic scans or LDOS maps for aligning the individual measurements
prior to the sparse recovery. The red line in said insets indicates the direction of thermal drift over
time. This adaptive sparse sampling concept furthermore allows to pause, resume, or interrupt the
measurements.

All the small TSP paths have their initial and final location in the center of the frame to minimize the
average tip travel distance when switching between the two modes (TSP path to a regular topography
scan and vice versa). Since the selected topographic features may be off-center, we generate a random
jittery path motion to connect the two modes. This also allows the system to settle piezoelectric creep
that might emerge because of larger changes in the scan piezo voltages when repositioning the tip.

Compared to the regular sparse sampling method described in previous sections, this new adaptive
sampling scheme has several advantages. One of them is the absence of tiling artifacts because the
adaptively stacked TSP paths now cover the complete scan frame. Hence there are less local measure-
ment regions and with that it is more likely that some contribution long range wavelength components
are picked up in a single iteration. In scenarios where one has locally defined states one could also make
use of an informed sampling approach to sample more dense in such regions [25]. Another advantage
compared to regular sparse sampling is the removal of the a-priori knowledge of the exact amount of
measurement needed to achieve a certain QPI quality. If in the case of regular sparse sampling the
amount of measurements Mtot is chosen too small one would have to repeat the experiment with a
higher number of measurements. Thus a higher knowledge of the sparsity level is necessary to deter-
mine the right amount of subsampling. In the adaptive sparse sampling scheme, a user can use the
knowledge of the current reconstruction quality to decide whether to stop or to continue the exper-
iment after every successive iteration. Lastly, the adaptive measurement technique with interleaved
topographies potentially enables a post-processing linear drift correction when the time between the
individual TSP paths is not too large. This will be further discussed in Section 1.5. In Figure 19 we
compare the two sparse sampling methods in terms of their respective flowcharts.
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Figure 19: Flowcharts of adaptive and regular sparse sampling. While in a regular sparse sampling
experiment one needs to define the exact amount of measurement prior to the experiment, in the
adaptive sparse sampling procedure the user can repetitively stack smaller maps until a desired QPI
quality is achieved as illustrated in the top panel of Figure 18. The small schematic clocks next
to mapping step indicate the massive time difference between the two techniques where the time of
choosing an insufficient amount of sampling is in vain in the case of regular sparse sampling.

1.4.2 Adaptive sparse sampling on Au(111)

To validate the new adaptive sampling framework we again have chosen the model system Au(111). In
our previous work [33] we measured its dispersion relation using various combinations of conventional
bias spectroscopy, parallel spectroscopy and regular sparse sampling. In Figure 20 we show the results
from the sparse reconstruction of an iteratively sampled LDOS region with a resolution of 1024×1024
pixel (physical size of 150×150 nm). In the current demonstration we use single TSP paths where
each of them contains 3000 points, which have been calculated using the algorithms mentioned in
Section 1.3.2. We denote this number of 5×3000 points as one path segment. After each of such
path segments we measure a smaller reference region (around 100×100 pixel) where we measure a full
spectrum at every point using parallel spectroscopy. Each of these smaller reference maps took around
20 minutes, which can be interpreted as a short interruption of the mapping scheme. Figure 20(a)
shows the dispersion relation obtained by azimuthally averaging the reconstructed QPI patterns after
6’000, 15’000 and 60’000 measurements. In Figure 20(b) we show a single QPI pattern consisting of
a circular surface state and the Heringbone signature. In Figure 20(c) the respective LDOS maps are
shown obtained by an inverse Fourier transform of the respective QPI patterns in Figure 20(b). From
the evolution of Figure 20(a) we notice that more and more band structure details start emerging when
the number of measurements is increased. From the dispersion plots at lower sampling, we also see that
low-momentum states appear earlier than high-momentum states. This is attributed to the sparsity of
the surface state that is related to its circumference. At lower energies the surface state is represented
by less wave vector values due to its smaller circumference. The signal is therefore more sparse at
lower energies and less measurements (equations) are necessary to solve the basis pursuit problem.
Similarly, we can say that at higher energies more wave vector values are required to construct a full

”
circle“ thus decreasing the sparsity level and rendering the reconstruction more difficult. A similar
argumentation can be applied to the Heringbone contribution that is visible at low sampling rates as
well. Interestingly, we do not see the appearance of a band gap at around -312 meV as we saw it with
the regular sparse sampling approach (see Figure 13). The reason for this hasn’t been investigated
further but it might be related to a non-ideal tip configuration or the usage of parallel spectroscopy,
which generally reduces the overall spectral quality.
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Figure 20: Adaptive sparse sampling on Au(111) at 4.2 K where the individual point spectra have been
obtained using parallel spectroscopy. (a) Parabolic dispersion relations of the Shockley surface state
obtained after the given number of iterative measurements by azimuthally averaging the reconstructed
QPI patterns. The more LDOS measurements (M) are used the better the quality of the reconstruction
becomes. From these dispersion plots we obtain an effective electron mass of m∗/me = 0.200 ± 0.002,
which is around 10% smaller than the effective mass obtained from prior regular sparse sampling
measurements. A reason for this might be a wrongly calibrated voltage provided by the multi-frequency
lockin amplifier. (b) Evolution of a single QPI pattern at -432 meV with an increasing number of
adaptive measurements. (c) The inverse Fourier transform of (b) shows standing wave patterns and
the Heringbone reconstruction of the Au(111) surface.

The dispersion plots shown in Figure 20(a) have been obtained after performing a global background
subtraction that conserves the scattering wave vectors in q-space. The justification for using said back-
ground correction is found in slight and spontaneous tip changes that will lead to abrupt changes in the
conductance traces. We assume that the measured conductance spectra dI/dV (E) are a convolution
of tip and sample density of states

dI/dV (E) ∝ ρTρS(E) (30)

A change in ρT will manifest itself in an energy dependent multiplicative effect on the conductance
trace. To combine different LDOS measurements obtained from different path segments and different
tip density of states we apply the following energy dependent correction to all segments j
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[dI/dV (E)]j =
[dI/dV (E)]j − µj

σref
σj + µref (31)

where µj , σj are the mean and standard deviation of the conductance trace measured in the j-th path
segment. µref, σref are reference values that we choose to stem from the first segment because in most
cases the tip was stable in the beginning of the experiment. This correction shall be applied onto
segments that show no tip changes during their data acquisition. If a tip change would occur during a
segment one could think about discarding said segment prior to the reconstruction process. We want to
note that a different tip configuration could have a detrimental impact on the reconstruction because
of the spatial convolution of tip and sample density of states. One example of such a tip configuration
would be a nonconducting tip. Furthermore, because this correction treats the individual energies
independently the average spectrum might change slightly as shown in Appendix A.4. Depending on
the requirements regarding the experimental results one should therefore gauge whether to apply this
correction or not. In some sense the just described method of correcting the conductance traces can
also be understood as a method of salvaging datasets that, in a normal conventional QPI mapping
experiment, probably would be discarded. In Figure 21(a) we show an uncorrected conductance trace
of the Au(111) measurement where a sudden tip change can be observed after around three path
segments leading to intensity variations in the dispersion plot to the right. The sudden increase of the
conductance is most likely due to the tip picking up some mobile molecule from the Au(111) surface.
The dashed red lines indicate the location of small interleaved conventional grid regions outlined in
Figure 21(b). We also see that the tip changed back to its original state somewhere in the middle of
the 5th conventional grid region in Figure 21(b) when it interacted with a defect (marked with purple
box). In Figure 21(c) we show the same data after applying described background correction, which
leads to the dispersion plot to the right of panel (c) (same as in Figure 20).
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Figure 21: Accounting for tip instabilities using a global background subtraction to remove sudden
tip changes visible in the conductance traces. (a) Raw conductance trace hosting a tip change that
leads to a sudden jump in the dI/dV values. This results in the intensity variations that can be
observed in the dispersion plot to the right of (a). (b) Conventionally measured maps with sizes of
around 100×100 pixels that have been interleaved after every path segment (marked by the dashed
red lines in (a) and (c)). Purple boxes mark the locations where the tip changed. (c) Corrected dI/dV
trace after applying a background correction that preserves the spatial frequency content. No more
intensity variations are visible in the resulting dispersion plot.
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The adaptive sparse sampling experiment performed on Au(111) was set up to measure all the path
segments with interleaved conventional LDOS scans in one go and later the data was reconstructed
using different numbers of segments. The reason for not making the experiment directly interactive
as in the flowchart depiction in Figure 19 was related to the lack of software capabilities of the SPM
controller. In that sense the actual experiment was not really adaptive but rather served as a proof
of concept. To fully make use of the iterative stacking of measurements the user would have to decide
whether the QPI quality is sufficient or not at runtime. One option to do this is to visually inspect
the result obtained after k segments. However, this in some sense requires an intuition about the
sparse wave vectors that one would like to resolve. Another option would be to track a quantitative
measure of the reconstruction, which serves as a decision tool for whether to stop or to continue the
experiment. In Figure 22 we show that one could for example track the relative mean absolute error
(MAE). If we assume two matrices X̂ and X with each n rows and m columns, then we define their
relative MAE as

Relative MAE(X̂,X) =
1

nm

n∑
i=1

m∑
j=1

|X̂ij −Xij |
Xij + ε

(32)

where ε > 0 is a small constant for numerical stability. In Figure 22(a) we use the same simulated
surface state as in Figure 18 with known QPI ground truth to conceptually show that the relative
MAE between the reconstruction with k− 1 segments and the one with k segments is decreasing as k
increases. We find a similar behaviour when using the measured Au(111) data in Figure 22(b). There
we additionally observe that the slope of the decrease reflects the reduced sparsity at higher energies
that require more sampling to resolve. We furthermore realize that the data points in both (a) and
(b) follow a power law, which is fitted by the solid/dashed lines. We conclude that this or a similar
measure can be obtained at runtime and could thus serve as a feedback control about the status of
the QPI data quality.
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Figure 22: Relative mean absolute error (MAE) as a quantitative measure for steering adaptive sparse
sampling experiments using a simulated surface state (a) and experimental data of Au(111) (b).
Despite its simplicity this measure could enable an informed decision about how much more sampling
would be required (e.g. approaching a plateau).

After performing the above experiment on Au(111) we also continued to study other quantum systems
such as WTe2 and NbSe2 whose surfaces incorporate more short wavelength components such as atomic
lattices. There we found that we obtain less reliable results when the effect of nonlinearities during the
experiment becomes prominent. These encompass nonlinear thermal drift and the nonlinear response
of the piezoelectric actuators.
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1.5 Experimental nonlinearities

This part of the thesis is dedicated to discussing systematic issues that were encountered while im-
plementing the sparse sampling techniques for QPI mapping experiments. After a short introduction
to the main three nonlinearities that are creep, hysteresis and drift, we will show some correction
approaches and ideas that have been developed.

1.5.1 Origin and consequences

The main strength of a scanning tunneling microscope (STM) is that it allows to map a material
surface down to the atomic level. The required sensitivity to control the scanning tip along the surface
and measure its electronic properties is provided by piezoelectric actuators (PZA). The piezoelectric
effect describes the deformation of a material (crystal) whenever an external voltage is applied to
that material. Vice versa a voltage is induced whenever the crystal is deformed. In an STM one
establishes a very precise

”
steering device“ by putting different piezoelectric crystals in a specific

geometric arrangement (
”
piezo tubes“). By attaching an STM tip to this setup one is able to precisely

determine the direction of the tip motion on the sub-atomic level by varying the voltage that is applied
to the different piezo tubes. However, there are two main issues when applying said voltages, which
reduces the scanning accuracy, namely creep and hysteresis effects [51][52].

When one applies a voltage to a piezoelectric crystal then the individual crystal domains will start
to rearrange themselves (flip), which results in the effective deformation of the crystal. However, this
rearrangement doesn’t happen instantaneously. This process is fast in the beginning but it slows down
towards the end, following a logarithmic trend [51]. The displacement of a PZA over time for a fixed
applied voltage can be described by

L(t) = L0

[
1 + γlog10

(
t

0.1

)]
(33)

L0 is a constant displacement value that is the displacement of 0.1 s after applying the input voltage.
γ is the creep factor determining the rate of the logarithmic slow-down. Practically, creep means
that the tip doesn’t directly go to its final target location r⃗f but it rather slows down at some point

r⃗m = r⃗f − δ⃗ close to r⃗f and then slowly moves towards r⃗f . The farther one moves the tip, that is
the larger the applied voltage, the larger the displacement vector r⃗m will be. This can be observed
when scanning a regular topography after moving the tip over a large distance. At the edges of the
topography one will observe distorted surface features as shown in Figure 23(a) where a topography of
WTe2 is shown. One clearly observes that the atomic rows are bent at the top edge of the topography
where the tip started the scanning motion in a downward direction. This creep behavior is also
schematically depicted in the inset of Figure 23(a) where a logarithmic PZA creep displacement over
time is shown.

Going back to Equation 33, it is also known that L0 contains a hysteresis property when applying a
voltage loop, which is the second nonlinear effect when moving an STM tip. In Figure 23(b) we show
such a hysteresis loop where the displacement at a specific voltage changes after one full voltage loop.
Practically this means that if one applies a bias voltage V to a PZA followed by the same negative
voltage −V then the tip won’t be at the same position as it was before applying the initial voltage.
In reality it is difficult to distinguish between creep and hysteresis since most of time these effects are
intermixed.

The last important nonlinear effect has already been mentioned in Section 1.3.7. Due to local thermal
gradients within the microscope the sample will microscopically drift in a direction depending on these
gradients. On a very small scale this motion is most likely nonlinear because of thermal fluctuations
leading to varying local thermal gradients. In Figure 23(c) we show two topographic scans of Au(111)
that have been acquired at liquid nitrogen temperatures of 77 K. The second topography (labelled

”
After“) has been obtained 5.5 hours after the first one (labelled

”
Before“). During this time the

sample has drifted along a nonlinear trajectory as depicted in the central panel. In between these
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topographies there were many more topographies recorded, which allowed to recreate said trajectory.
More details will be given in Section 1.5.3.
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Figure 23: Effects of nonlinearities in a scanning tunneling microscope (STM). (a) Piezoelectric creep
can be seen at the edges of topographic scans after moving the tip over a large distance. Here we
use the atomic rows of WTe2 for guidance. The lower right inset shows the logarithmic displacement
of a piezoelectric actuator (PZA) with time. Figure adapted from [51]. (b) Piezoelectric hysteresis
curve. After applying a voltage loop the tip won’t reach its starting position anymore. Figure adapted
from [52]. (c) Thermal drift illustrated using two topographies of Au(111) that have been recorded
5.5 hours after each other. Due to local thermal gradients the sample will generally drift in a random
trajectory over time (middle panel).

All of the described nonlinear effects might significantly reduce the quality of the reconstructed output
using sparse sampling approaches due to the nature of the used near-optimal tip path and the crucial
relative correlation between the locations and the measurement values. If one, due to the presence of
mentioned nonlinear effects, assumes wrong measurement coordinates then this will directly influence
and most likely worsen the output of the sparse recovery. For example, when we have a large creep
then the assumed position r⃗f , that we would like to visit, will deviate from the actual position r⃗m
where the measurement will happen. Furthermore, when we have a long spectral acquisition time then
the bias voltage sweep might happen along multiple locations on the surface and thus lead to spectral
smearing. For WTe2 and other quantum materials that show prominent atomic corrugation we have
seen that the sub-division of the complete set of measurements locations into smaller tiles will lead to
a tiling artifact. The main reason is thermal drift of the sample (see Figure 17) leading to an effective
phase-shift of neighboring tiles that haven’t been measured successively. In our experiments using
the adaptive sparse sampling approach we don’t expect to encounter this problem as the individual
paths are distributed over the complete scan frame and are not locally constrained. Nevertheless, a
strong drift might lead to destructive interference of the very short-range real space modulations such
as the Bragg peaks. Piezoelectric effects of creep and hysteresis are also lowering the reconstruction
quality in both cases. From experience of successful and failed results we conclude that both creep
and hysteresis are less harmful to those scattered electron states that are long-range in real space, i.e.
close to the zone center in q-space. This is the reason we think that our model system Au(111) did
work so well as most of the scattering wave vectors are close to the zone center. Meanwhile, materials
that inhibit very short-range wavelengths will be influenced more by creep and hysteresis but also by
thermal drift.

1.5.2 Correction approach for piezoelectric creep

A strong piezoelectric creep as shown in Figure 23(a) preferably occurs after applying a large voltage to
the PZAs resulting in a large lateral displacement of the tip. For smaller travel distances the

”
creeped“

distance becomes smaller but it still might have a strong influence on the sampled measurements and
their locations as mentioned previously. One of the easiest solutions to avoid creep is simply to wait
some time after traversing large distances to settle the creep or not applying too large voltages that
is only moving small distances at a time. Since there will be always some residual creep (due to
its logarithmic nature) one could correct it by fitting the creep function as described in Equation
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33. In Figure 24 we show two different measurements of the tunneling current on WTe2 that have
been obtained with deactivated feed-back loop (constant height) as a function of time. We find that
WTe2 is suited very well for creep studies as it contains periodic and prominent surface features that
can be tracked easily. Figure 24(a) shows the creep behavior after moving 50 nm in one direction
(45 degrees across the atomic rows) and a tip speed of of 15 nm/s.11 After a few seconds the tip
starts moving and the current follows the shape of the atomic rows as illustrated in the zoomed inset.
Shortly after, the initial tip motion is stopped and the current behavior shows a long creep distance
traversing another atomic row. The red curve shows the fitted creep function described by Equation
33 that furthermore includes the sinusoidal motion due to the atomic corrugation. The fit is obtained
using a least squares approach. The fitted creep parameters are L0 = 0.94 nm and γ = 3.73. In
Figure 24(b) we show another measurement of the current trace performed after moving the tip for
25 nm at the same tip speed. We immediately see that the creep settles much quicker than in Figure
24(a) where it hasn’t actually settled even 100 seconds after stopping its initial motion. The fitted
creep parameters are L0 = 0.83 nm and γ = 3.96. By being able to fit the parameters that describe
the creep function one would be able to correct the true locations of the spectra in a post-processing
manner. By having access to the time stamps, one should furthermore be able to precisely determine
the sample location where the bias sweep was initialized. Thus, the spatial relationship between the
individual measurements can be restored in this way.
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Figure 24: Fitted creep functions illustrating the influence of the tip travel distance on the creeped
displacement on WTe2. A longer travel distance means a larger applied voltage to the PZAs. (a)
Travel distance of 50 nm results in a very long creep motion that persists over a long period of time.
The inset shows the motion of the tip across the periodic atomic rows. (b) Travel distance of 25 nm
shows a much shorter creep motion and comes close to a settling point at the end of the measurement
period. In both (a) and (c) we show the fitted creep function as a red line.

1.5.3 Correction approach for nonlinear thermal drift

In our previous work [25] we described a correction approach for linear thermal drift in an STM
environment. This assumption might however not be true if the measurement time is on the order of
hours as indicated in Figure 23(c). The adaptive sparse sampling approach [50] was partially motivated
by this fact. Having many interleaved small-scale topographic scans before and after TSP LDOS maps
the deviation from a truly linear drift assumption should become smaller. In this case one should be
limited only by the capability of precisely determine the drift vector from consecutive topographies.
Let us assume that two topographies Ij and Ij+1 have been obtained and where some time t has
passed in between their respective acquisition. In this case we can determine the relative shift v⃗j,j+1

(drift vector) between Ij and Ij+1 using 2D cross-correlation via the 2D fast Fourier transform [53].
Both knowledge of said drift vector and the effective drift trajectory is required to successfully correct
the measurement locations. In Figure 25 we show simulations of both linear and nonlinear drift and
how deviations from the true parameters will affect the reconstruction quality. Figure 25(a) shows

11The tip speed doesn’t have an influence on the creep function. A larger tip speed results in a shorter time during
which the piezoelectric crystal domains can flip and thus the consequence is a longer creep time but not a loner creep
distance.
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a simulated Shockley surface state with atomic corrugation as it was used in Figures 9 and 18 on a
256×256 pixel grid. The top panel shows the ground truth QPI pattern and corresponding LDOS
modulations. The lower two panels show the reconstruction of the ground truth using a small number
of randomly selected LDOS measurements and how a deviation from the true drift parameters will
lead to a smearing of the reconstruction. While the circular surface state is more robust to drift due to
its overall longer real space modulations, the Bragg peaks vanish already at small deviations. Figures
25(b)-(d) show the result of three simulations for different assumed scenarios such as linear, nonlinear
and improperly measured drift vectors. Hereby we compare the ground truth QPI pattern in the
top panel of Figure 25(a) with the reconstruction of the named situations using multiscale structural
similarity (MS-SSIM) [54]. A higher MS-SSIM value means that the reconstructed output looks more
similar to the ground truth (1 means identical). In Figure 25(d) We observe that the obtained phase
space (dark-blue region) becomes very small as soon as nonlinear drift is coupled with an imprecise
drift vector determination. Figure 25 generally emphasizes the value of operating in the linear drift
regime, which means that one should either minimize the overall measurement time or have more
interleaved topographies.

0.7 1.0
MS-SSIM

D
rif

t v
ec

to
r 

pe
r 

T
S

P
 s

eg
m

en
t (

px
) 

5

10

15

Deviation from true drift vector (px) 

15105

True linear drift assumption
Deviations from true drift vector

Wrong linear drift assumption
Using true drift vector

Wrong linear drift assumption
Deviations from true drift vector

Non-linear drift strength (arb. units) 

15105

Deviation from true drift vector (px) 

15105

True

D
ev
ia
ti
o
n

(a) (b) (c) (d)

Lo Hi

Intensity

2π/a 1 nm

Figure 25: Simulated results illustrating the limits of linear drift correction due to deviations from
the true drift vector or a nonlinear drift scenario. (a) Simulated ground truth QPI pattern and LDOS
modulations (top). The higher the deviation from the true drift parameters the more smeared the
reconstruction becomes (here obtained by randomly sampling 3×1’000 points). (b) Averaged simu-
lation over five runs assuming linear drift but improperly measuring the drift vector between each
individual tip path segment. The evaluation measure used is multiscale structural similarity (MS-
SSIM) between the ground truth and the reconstructed QPI pattern. (c) Measuring the correct drift
vector but encountering nonlinear drift between the individual tip path segments, which is modelled
using a quadratic Bézier curve. A stronger nonlinear drift results in a more rapid diminishing recon-
struction quality. (d) Combination of both scenarios (b) and (c) that is imprecisely determine the
drift vector and encountering nonlinear drift. Even small deviations in the drift vector determination
will lead to very fast worsening of the reconstruction quality. This situation most likely resembles real
experimental conditions.

The idea of a linear drift correction procedure has further been tested on the 2D transition metal
dichalchogenide NbSe2 exhibiting high-momentum states in the form of atomic Bragg peaks. In
Figure 26 we show that the deviation from the linear drift assumption will worsen the attribution of
said states. The size of the used scan frame is 50×50 nm and the experiment was performed at 4.2 K.
On a 512×512 pixel grid we measure a full dI/dV spectrum during 484 ms at 2×3000 locations using
conventional bias spectroscopy. For every point we measure ten single spectra and take the last one
for the reconstruction. During the acquisition of the first nine spectra, we thus hope to settle creep
and therefore remove one nonlinear effect. Additionally, we measure a time stamp with pico-second
precision for every measurement point using a time-tagger (Swabian instruments). Figure 26(a) shows
the sparse reconstruction when we do not post-correct the measurement locations. The only feature
visible in the QPI pattern are the atomic Bragg peaks forming a hexagonal pattern. In Figure 26(b)
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the reconstruction at the same energy is shown but here we corrected the measurement locations
while assuming a linear drift. For this we utilize the above mentioned time stamp information for
every measurement point. The drift vectors are obtained by cross-correlating interleaved topographic
scans as described previously (here we use a full dI/dV map instead of topographies because of the
software-related issues as described earlier in this thesis). These scans have a size of 50×56 pixels
and are shown in Figure 26(c) where the top row is the raw data and the bottom row has been
low-pass filtered to have a better cross-correlation outcome. On the top we state the time that has
passed in-between the individual scans. The respective drift vectors are drawn as red arrows in the
bottom row clearing showing a nonlinear trend. We observe that the sharpness of the Bragg peaks
is not improved after applying the linear drift correction scheme, which can be seen as well using the
dispersion plot in Figure 26(d). We attribute the absence of dispersing features more to the very low
sampling rate rather than to nonlinear thermal drift whereas the smearing of the Bragg peaks after the
correction indicates that the linear drift assumption does not apply in this case due to the hourlong
delay between the two individual tip path segments.

Finally, one could think about performing a post-processing correction that would account for all
mentioned nonlinear effects [55] by calculating a local displacement field, that is a deviation from
perfect atomic structures. This could also be performed in an optimization procedure that would aim
at sharpening the atomic Bragg peaks in reciprocal space. The resulting geometrical transformation
can then be inverted to obtain new effective coordinates of the measurement points in real space. Per-
forming the sparse reconstruction again with these new positions should yield more sparse coefficients
in q-space as now their coherence has been re-established. An ultimate test would be to apply such
correction onto materials exhibiting short range periodicities such as WTe2 to remove the phase-shift
in between individual tiles.
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Figure 26: Adaptive sparse applied to NbSe2 illustrating the limit of linear drift correction. (a) QPI
pattern at -100 meV using two tip paths containing 3’000 measurements each. No post-processing
correction has been applied to the measurement locations. (b) Same as (a) but with linear drift
correction applied where we use the drift vectors obtained from the topographic references in (c) as
well as time stamp information. (c) Topographic raw scans (top) and their low-pass filtered counterpart
(bottom). The drift vectors are drawn as red arrows and the time stamp information is given for every
of the three maps. (d) Energy dispersion relation of NbSe2 obtained via an azimuthal average showing
just the main Bragg peaks but no actual dispersive features. The latter is attributed to the too
low sampling rate that would ensure their successful reconstruction. On the very right the average
spectrum of NbSe2 is shown for reference.
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1.6 Outlook

1.6.1 Implementation of a different sparsifying basis

In this work we focused on the sparse reconstruction of QPI patterns under the assumption that these
have a sparse representation in the Fourier domain. This allowed for a relatively fast recovery process
due to the computational efficiency of the fast Fourier transform algorithm. However, it is known that
the local density of states (LDOS) is actually proportional to a Bessel function of the first kind [2]
(decaying sine wave)

LDOS(r⃗, E) ∝ 1− J0(2kx) (34)

where k is the wave vector dictated by the dispersion relation E(k) (depicted in Figure 27(a)). Per-
forming a Fourier transform of a Bessel function actually results in many non-zero coefficients, although
most of them are quite small as can be seen in Figure 27(b). A better sparsifying basis to describe
a Bessel function of the first kind would be the Hankel domain, which can be seen in Figure 27(c).
Therefore it would make sense to implement a new Hankel transform operator (instead of a Fourier
operator) that could allow to reconstruct the QPI patterns with even lower samples needed since the
signal is more sparse in the Hankel basis. During brief tests we found that calculating the direct
Hankel transform for large grids is infeasible as it takes a long computation time compared to the fast
Fourier transform. Thus one should aim at implementing a fast Hankel transform if one would like to
make full use of efficient sparse recovery algorithms.
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Figure 27: (a) The local density of states (LDOS) can be represented as a Bessel function of the first
kind. (b) Fourier transform of (a) showing a large tail of non-zero values. (c) Hankel transform of (b)
using [56] offering a much sparser representation of the LDOS than the Fourier transform in (b).

1.6.2 Symmetry operations

Researchers nowadays often apply a posteriori symmetrization to the conventionally acquired QPI
data, that is averaging the QPI patterns with their rotated and/or reflected copies. However, this
method can introduce artifacts in the form of erroneously emerging symmetries in the QPI patterns
[57]. In our previous work [25] we proposed future developments regarding the usage of symmetry op-
erations prior to the actual reconstruction process. Depending on the studied systems different point
symmetry operations could be applied to the small set of measured data points. As a consequence the
measurement matrix would grow and the overall number of required samples for a successful recon-
struction could thus be reduced. In Figures 28(a)-(c) we show the potential of such a symmetrization
procedure using a highly symmetric kaleidoscope image, representing a single

”
unit cell“Ṫhe recon-

struction outcome of applying said symmetry operations is hereby strongly dependent on the ability
of precisely determining the unit cell locations of the studied sample. This requires topographies of
high quality or other kinds of scans where the individual unit cells can be distinguished from each
other. In Figure 28(d) we show a simulated hexagonal Si(111) environment (provided by the Nanonis
SPM controller software) and a single unit cell that is marked with red lines. Taking random measure-
ments (black dots) one could identify such unit cells and perform mirror and/or rotation operations12

resulting in more effective measurements (white dots).

12Depending on the symmetry of the unit cell.
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Figure 28: Symmetrization of the acquired data with respect to the individual unit cells prior to the
sparse recovery can lead to a big improvement of the reconstruction quality. (a) Fourier transform (top)
and corresponding real space image (kaleidoscope) (bottom). The image contains two mirror planes
depicted by red lines. (b) Sampling 2% of the complete image in (a) results in a poor reconstruction
where many details vanish in the noise. (c) Taking the same measurements as in (b) but performing a
data symmetrization prior to the sparse recovery results in much better reconstruction. (d) Simulated
topographic surface of Si(111) showing a hexagonal atomic lattice. A single unit cell is marked with
red lines containing two mirror planes. The symmetry operations are applied onto the measurements
that fall within that unit cell (black dots) resulting in an increase of the total number of measurements
(white dots).

1.6.3 Time-tagging for removing coherent noise

In Section 1.5 we talked about how time-tagging the individual measurements can help to more
precisely determine the true locations where the measurements have been taken. This would in
turn lead to a more precise post-processing correction related to the systematic non-linearities of
piezoelectric creep and thermal drift. A further use of such time stamps is related to the removal of
coherent noise. If the system is subject to e.g. mechanical (vibrational) noise then one will coherently
sample this noise when performing a conventional line-by-line scanning motion. The problem hereby
is that every time when the tip changes from one line to the next it requires some amount of time,
which effectively leads to a loss of the phase coherence of said noise signal. This will then show
itself as rather strong artifacts in the QPI pattern. If one however has access to the time stamps
of the measurements then one could restore the lost phase coherence. By sampling only full periods
Ti = n/fi of the noisy frequencies fi one should be able to sharpen the frequencies fi. This would
allow their removal without the need of filters that also potentially could influence the underlying QPI
information.
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1.7 Summary and conclusion

In this thesis we have extended upon previous work in the field of sparse sampling [25] focusing on
the experimental implementation of the developed method, which allows to significantly reduce the
mapping time of quasiparticle interference (QPI) imaging experiments. We realized its verification
using various 2D materials such as the noble metal Au(111), the high temperature superconductor
Bi2212 and the type-II Weyl semimetal WTe2. Because of the strongly reduced mapping of up to
a factor 30 we were able to utilize large scan frame sizes and pixel grids leading to a high q-space
resolution. The randomness of the measurement locations furthermore results in an effective reduction
of coherent noise that might be present in the system due to the good denoising properties of the used
linear sparse solver. However, we saw that the initial approach of the near-optimal tip motion led
to tiling artifacts in the reconstruction because of thermal drift. Since the original sparse sampling
method also required the knowledge of the exact sampling rate prior to the experiment we developed
a new sparse sampling variant that allows to cumulatively stack measurements obtained from smaller
tip paths. This method was verified on Au(111) and allows to track the reconstruction quality at
runtime, which should make sparse sampling more accessible in the field of QPI mapping. Additionally,
combining sparse sampling with faster parallel point spectroscopy [33] opens the doors for whole new
range of complex experiments that would otherwise be very cumbersome to realize.

For future experiments the nonlinear effects and their treatment should be further investigated. This
includes robust post-postprocessing corrections for piezoelectric creep and thermal drift. For creep one
could fit the underlying creep function for various travel distances and potentially for different angular
directions. For thermal drift one should try and automatize the acquisition of regular topographic
scans around distinct surface features to situate themselves in the linear drift regime. For the adap-
tive sparse sampling approach one could think about implementing a decision-making process that
would determine after how many path segments the experiment should be stopped. This could be
simply achieved by tracking some characteristic measure as shown in Figure 22 or more sophisticated
procedures such as machine learning. For example, one could think about training a neural network
on a multitude of different QPI patterns such that it would learn to distinguish the sparse scattering
wave vectors from experimental noise during the reconstruction process.
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2 Deep learning based denoising of X-ray diffraction data

2.1 Introduction

Since the beginning of the digitalization of our society the amount of data acquired has grown ex-
ponentially and with that there has been a surge of new computational techniques to enable more
efficient data handling. Nowadays, humans are no longer able to control this operation directly by
themselves. However, the field of deep learning has proven as a viable tool for studying, interpreting
and processing vast amounts of data. One field where deep learning did make major contributions
is in the field of digital image processing encompassing tasks such as super-resolution [58], restora-
tion [59] and denoising [60][61][62]. In many of these tasks convolutional neural networks (CNN) are
implemented due to their excellent performance in various machine learning problems [63]. A CNN
consists of different convolutional layers, which in turn contain a collection of neurons that are defined
by unique weights and biases. This allows different layers to extract and learn specific patterns of an
image. A convolution is applied by element-wise multiplying a moving kernel of specific size with the
underlying values of a given input image. Afterwards a nonlinear activation function is applied onto
each neuron resulting in the efficient and general learning behaviour of CNNs. This process depicted
in Figure 29.
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Figure 29: A simplified snapshot of a convolutional neural network (CNN). A kernel of specific size
and with weights wk,i (blue) moves along an image I and is convoluted with the underlying image
values Ik,i (orange). k hereby refers to the convolutional layer index. The result of this convolution
is a single number onto which a non-linear activation function such as a rectifying linear unit (ReLU)
is applied, which enables the network to learn nonlinear features of the input image. A deep CNN
consists of many of such depicted layers.

Here we focus ourselves on the task of image denoising in the field of X-ray diffraction. Generally,
the task of image denoising is to remove noise from a noisy image xi = si + ni where pixel i consists
of the intrinsic signal si and the noise ni. Both supervised and unsupervised learning methodologies
have been successfully applied on denoising problems. Supervised learning approaches [60][62] rely
on image pairs such as the noisy and the clean image (

”
noise-2-truth“) or two different noisy images

(
”
noise-2-noise“) [64]. Unsupervised approaches on the other hand do not require pairs of images but

rather learn to extract the important features from the noisy image itself such as
”
noise-2-void“[65]

or
”
noise-2-self“[66]. However, the unsupervised methodologies typically show slightly inferior perfor-

mance compared to supervised algorithms as less information is available during training. One of the
most studied benchmark problems is where Gaussian noise is artificially added to natural photographs.
A neural network is then trained to remove said noise. The signal is hereby correlated between neigh-
boring pixels whereas the noise is not. Much less attention has been given to Poisson distributed noise
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[67] even though Poisson distributions occur frequently such as in virus-cell infection, radioactivity
and particle scattering events. In the noise is signal dependent such that both signal and noise are
correlated between neighboring pixels. Normally, the signal-to-noise ratio (SNR) can be increased by
using a sufficiently long count time. This solution is however not always feasible. In cryo transmission
electron microscopes (TEM) experiments on organic materials it is known that electron beam damage
scales with exposure time [68]. Another example where one has strongly limited counting times are
diffraction experiments using pulsed magnetic fields [69][70]. The result of low counting times is the
presence of a large amount of noise that can easily overshadow the underlying intrinsic signal one is
interested in.

One common challenge for many machine learning problems is the scarce availability of training data,
which oftentimes results in overfitting of the models [71]. A common approach to many studies is
thus to artificially add additive noise (Gaussian, Poisson, Salt, Pepper, etc.) to a known ground-truth
signal [72] that is many times a natural image. But also for counting experiments this approach is
used [67]. In this part of the thesis, we instead focus on true experimental noise that we use together
with a ground truth signal to train two different deep CNNs. The task is to remove the experimental
noise from a low counting frame and thus produce a prediction similar to the true high counting frame.
Additionally, we will compare the CNN performances on artificial noise.

2.2 Training data

2.2.1 Experimental X-ray diffraction data

The data for this work has been obtained from X-ray diffraction on the high temperature cuprate su-
perconductor La1.88Sr0.12CuO4 [73]. The data has been obtained at the P021 triple axis diffractometer
at the PETRA III synchrotron (DESY - Hamburg). The scattering intensities were recorded using
a Dectris Pilatus 100K CdTe detector, which offers frames of size 195×487 pixels with a bit-depth
of 32 per pixel. The diffractometer was operated with 100 keV photons while the sample was cooled
to around 30 K where a charge density wave (CDW) order is fully developed [74][75]. Some of the
diffraction data thus contains a weak 2D CDW signal in addition to the fundamental Bragg peaks and
powder diffraction lines from the polycrystalline cryostat sample environment. Additionally, spurious
and dead pixels are present in the data. In such a counting experiment all the experimentally observed
signals are subjected to some sort of Poisson noise. To train a neural network two different kinds of
counting statistics data have been acquired, namely low and high counting statistics data, following
the

”
noise-2-truth“ denoising approach. The former has been counted for 2 seconds while the latter

has been counted for 21 seconds. We label the experimental pairs of training data (xLCj , xHC
j )exp.

for each frame j. These pairs have been measured successively while keeping all other measurement
parameters fixed. In Figure 30 we show some examples of both low and high counting statistics X-ray
diffraction data on La1.88Sr0.12CuO4. In total 3’567 experimental data pairs have been recorded.

2.2.2 Artificial noise generation

To compliment the measured experimental data, we artificially create low counting statistics frames
by adding either Poisson or white Gaussian noise to the corresponding experimental high counting
statistics frame. It is known that detecting individual photons can be treated as independent events,
which follow a random temporal distribution and can therefore be seen as a Poisson process [76]. Per
pixel (sensor), the number of photons N that is measured in some time interval t is hereby given by
the discrete Poisson probability distribution

Pr(N = k) =
e−λt(λt)k

k!
(35)

where λ is the expected number of photons per unit time interval. Therefore, λt is equal to the
expected number of photons that hit the detector after some time t. According to the central limit
theorem the Poisson distribution will approach a Gaussian distribution in the limit of N → ∞. A
Poisson distribution furthermore has the property that its expectation E[N ] is equal to its variance
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VAR[N ]. This means that Poisson noise is signal dependent and its standard deviation, that is the
signal-to-noise ratio, is given by

σ =
√
VAR[N] =

√
E[N ] =

√
λt =

√
N (36)

For a fair comparison of the CNN performance on the experimental and the artificial data we would
like the datasets to be statistically similar. To achieve this, we define a quantity γj as the ratio between
the frame integrated low count NLC

j,exp. and high count NHC
j,exp.. From all the available frames we then

define the median value of γj over all pairs of experimental training data. This quantity is labelled γ.
We then multiply γ with every individual high count frame xHC

j,exp. and generate an artificial low count
frame by adding the associated Poisson noise

xLCi,j,art. = Pr(N = γxHC
i,j,exp.) for every pixel i of frame j (37)

For the case of white Gaussian noise, we randomly draw samples from a normal distribution with
standard deviation σ and add these samples to the experimental high count data for every frame. σ
is hereby defined as the median value of all standard deviations σj of all the experimental low count
frames xLCj,exp.. To mimic the experimental noise distribution, we perform a convolution of the artificial
noised data using a Gaussian kernel [67] with a radius of two pixels and a standard deviation randomly
chosen between 0.3 and 0.5.
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Figure 30: Experimental X-ray diffraction data on La1.88Sr0.12CuO4 at 30 K. Three different examples
are shown with different sample orientations (left, middle and right panel). In some frames a charge
density wave (CDW) signal can be observed how it translates through the field of view (circled in
orange). In the low counting frames these faint signals vanish quickly in the noisy background. Fur-
thermore, vertical powder diffraction lines and circular Bragg peaks are the main features contributing
to the overall intensity. A pair of low and high counting frames is marked in with a red rectangle on
the top left. The deep CNN is trained on such data pairs.

2.3 Deep neutral network architectures and training process

In this work we implemented two different CNN architectures referred to as VDSR [77] and IRUNet
[78] using the tensorflow/keras API implemented in Python. While the VDSR network is a straight-
forward deep neural network, which only learns the residuals, the IRUNet network is additionally
built-upon an autoencoder framework. As described previously we use training pairs containing low
and high counting statistics data where the CNNs try to remove the noise from the low count frame to
match the ground truth high count frame. Prior to feeding the data into the network pipeline we split
all the original frames approximately in half that is from 195×487 to 194×242 pixels to increase the
amount of training pairs and allow for a higher batch size to be used during training. The complete
dataset is furthermore split into a training (70%), validation (20%) and test set (10%). The training
set is used for training the network while the validation set is used as measure for how to adjust the
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network weights and biases. The test set is later used to check the model performance. A further
pre-processing step includes normalizing each frame to have values between 0 and 1. A schematic
illustration of the working principle of the denoising networks is shown in Figure 31. By training the
network on many different pairs of low and high counting statistics data it learns the intrinsic features
contained within the high count data and is then able produces a denoised output from a noisy low
count input. We stress the charge density wave (CDW) signal appearing in the denoised output of
Figure 31, even though it is barely visible in the low count input.

Deep convolutional neural network (CNN)Noisy low count input

Lo Hi

Original high count dataDenoised output

CDW

Figure 31: Illustration of the denoising abilities of the trained deep convolutional neural network
(CNN) for X-ray diffraction experiments on a La1.88Sr0.12CuO4 single crystal. A real experimental
low counting statistic frame (exposure time 2 seconds), belonging to the test dataset, is used as an
input to a deep CNN, which is trained to remove the noise. The output shows the denoised low
counting input and reveals a charge density wave (marked in red), barely visible in the raw noisy
input data. To the very right the real experimental high count frame (exposure time 21 seconds) is
shown for comparison.

The named networks both use 20 convolutional layers with 64 filters each and a kernel size of 3×3.
The optimization during training is achieved by an Adam optimizer [79] with the AMSGrad variant
[80] to stabilize training and convergence. The Adam optimizer is an extension to the stochastic
gradient descent technique. Both networks are trained with an initial learning rate of 5×10−4 but a
different learning rate scheduler to achieve good convergence. For the VDSR model we multiply the
initial learning rate by 0.1 after the first 150 epochs and then again after every 50 epochs. On the
other hand, we multiply the initial learning rate by 0.5 after every 100 epochs for the IRUNet model.
The VDSR model is trained for 250 epochs using a batch size of 8 while the IRUNet model is trained
for 300 epochs using a batch size of 16. During each training epoch the performance of the neural
networks is evaluated on the validation set by comparing the denoised output xDj with the actual high

counting statistics data xHC
j . The loss function used is a combination of mean absolute error (MAE)

and multiscale structural similarity (MS-SSIM) [54]

L = (1− α)LMAE + αLMS-SSIM with α = 0.7 (38)

as described by [67][81]. During training we apply data augmentation in the form of randomly flipping
the frames vertically. The training has been performed on a Nvidia Tesla P100 GPU with 10 GB of
VRAM. The training duration was 20 and 12 hours for the VDSR and IRUNet model respectively.

2.4 Denoising results and discussion

As mentioned in Section 2.2.2 we also trained the different deep CNNs on artificial data. This should
allow to establish a connection to the usual approach in AI-assisted denoising studies. In the following
we will compare the model performances in terms of architectures and training methodology. In Figure
32(a) we compare the statistics of the different noise types in terms of their respective probability
density distributions for a single data frame. The true experimental high count shows a strongly
asymmetric probability distribution due to the large intensity variation across the detector pixels.
We observe that the true experimental low count probability distributions are best described by a
skewed Gaussian distribution instead of a pure Poisson distribution. We also see that the convolution
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(⊗) of the pure artificial Poisson noise with a Gaussian kernel (G) indeed helps to mimic the true
experimental noise profile.

(a)

(b)

Lo Hi

(d)

Lo Hi

(c)

True high count True noise Poisson noise G Gaussian noise G

X-rays

2D detector

sample

2θ

Poisson
Skewed Gaussian

Poisson
Skewed Gaussian

Gaussian
Skewed Gaussian

Figure 32: Comparison of different noise statistics. (a) Probability density distributions of the X-ray
diffraction frames in (b) with fitted Poisson or (skewed) Gaussian distributions for the noisy situations.
We observe that the true experimental noise doesn’t follow a pure Poisson distribution but is better
described by a skewed Gaussian distribution, imitated by a convolution (⊗) of the pure Poisson noise
with a Gaussian kernel (G). (b) Same frame under the influence of different noise statistics. The true
experimental high count is shown to the very left for reference. The rectangular region marked in red
is situated over a 2D charge density wave (CDW) signal. (c) First panel shows the true experimental
high count zoom of the marked region in (b) while the later panels visualize the high count versions
of the marked regions in (b) as predicted by the IRUNet neural network trained on the respective
noise types. As an input the true noise was used. (d) Experimental setup depicted to the very left
while the remaining panels show the heatmaps (absolute relative difference) between the predicted
outputs of the individual noise types and the true high counting statistics data frame (Equation 39)
on a logarithmic scale. We clearly observe that the model trained on the true noise performs better
compared to the models trained on the artificial noise.

The underlying image data to the probability density distributions in Figure 32(a) are shown in Figure
32(b). In Figure 32(c) we show the respective predicted high count statistic version of the rectangular
region marked in red in Figure 32(b) using the trained IRUNet model, which has been trained on
the individual noise types but the true noise is used as an input. We find that the output in all
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cases visually displays the main features of the actual high count data such as the powder diffraction
lines whereas the CDW is not really resolved anymore. Note that the first panel in Figure 32(c)
simply shows the rectangular marked region of the high count frame in Figure 32(b). To have a better
intuition about the structural differences between the predicted high count outputs xD and the true
high count xHC we show the corresponding heatmaps y in Figure 32(d) calculated as

y =
xHC − xD

xHC + xD
(39)

A logarithmic colorscale is used to enhance the contrast. We observe that the model trained on the
true noise is able to denoise most of the regions within the low count frame while the model trained
on the artificial Poisson noise mainly works well for regions with high intensity features such as the
powder diffraction lines. The model trained on the artificial Gaussian noise appears to only work
in certain regions of the image probably because the noise is not correlated with the signal as it is
the case for Poisson and true experimental noise. Therefore the model trained on Gaussian noise has
difficulties in distinguishing the noise from the signal when they are correlated. The first panel in
Figure 32(d) shows a schematic depiction of the X-ray diffraction experimental setup used to acquire
the complete dataset. To quantify the performance of the two denoising CNNs, applied on different
noise statistics, we evaluate the trained models on the separate test set. The results are described
quantitatively in Table 1 and qualitatively in Figure 33. As a performance measure we use the peak
signal-to-noise ratio (PSNR), multiscale structural similarity (MS-SSIM) and the measure that was
used during the training process described by Equation 38 (MAE+MS-SSIM). Based on these results
we make several observations.

(1) The IRUNet CNN performs much better on Gaussian noise whereas both the IRUNet and
VDSR networks yield similar results on Poisson noised data. The same conclusion holds when
the models are evaluated on true experimental data. We therefore assume that both training
data and training methodology are more important than the actual detailed neural network
architecture. At least for the used state-of-the-art models in this work.

(2) Filtering artificial Poisson noise statistics is an easier problem than filtering white Gaussian noise.
A better model performance is thus obtained upon removal of Poisson noise. Most likely this
stems from the fact that the pixel intensities and the noise are correlated in the case of Poisson
noise while they are not for Gaussian noise. Combined with correlation between neighboring
pixels, this reduces the amount of information. The overall challenge of the training task is
therefore reduced.

(3) Training the deep CNNs on experimental data significantly improves denoising, which means
that training on artificially noised data is ultimately insufficient when the models shall later be
applied onto real experimental data.
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real experimental noise
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Figure 33: Performance comparison of the different network architectures and noise types using mul-
tiscale structural similarity (MS-SSIM) and peak signal-to-noise ratio (PSNR) between the actual
measured high count statistic data and the denoised output. The colorcode indicates the different
noise types used during the training. The MS-SSIM histograms contain triangular markers that point
to the mean value of the respective distribution. The PSNR histograms have additionally been fit-
ted using a Gaussian distribution. The upper panels (a) and (b) show the results of the VDSR and
IRUNet architectures introduced in the main text, trained and evaluated on the same noise type.
The lower panels (c) and (d) show the evaluation of these networks on the actual true low counting
statistics data. Generally, we observe that the models trained on the artificial noise perform worse
when evaluated on the true experimental noise compared to the models that have been trained on
the latter. This indicates that training on simulated noise, which is the predominant procedure in
scattering experiments, is still inferior to training on actual experimental noise.

VDSR IRUNet

Training → Evaluation PSNR MS-SSIM MAE+MS-SSIM PSNR MS-SSIM MAE+MS-SSIM

Gaussian → Gaussian 28.37 0.818 (0.953) 0.816 (0.954) 31.40 0.957 (0.965) 0.960 (0.968)

Poisson → Poisson 36.98 0.987 (0.981) 0.986 (0.982) 36.62 0.982 (0.987) 0.983 (0.987)

Gaussian → Exp. 21.55 0.600 (0.881) 0.511 (0.884) 28.39 0.934 (0.949) 0.942 (0.953)

Poisson → Exp. 33.50 0.971 (0.980) 0.971 (0.980) 33.73 0.971 (0.980) 0.971 (0.980)

Exp. → Exp. 36.11 0.973 (0.982) 0.975 (0.983) 35.84 0.974 (0.982) 0.976 (0.983)

Table 1: Results of different training and evaluation protocols for the VDSR and IRUNet neural
network architectures. The first column indicates the used training and evaluation data. The unit of
PSNR is dB while the other measures are unitless. For the measures MS-SSIM and MAE+MS-SSIM
both mean and median (in brackets) are provided where the latter also served as the loss function for
the training of the networks. Training on experimental data (Exp.) yields a significantly better result
as compared to training on data with artificial noise.
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2.5 Summary and conclusion

The second part of this thesis was focused on the implementation of a deep convolutional neural
network (CNN) for the task of denoising low count X-ray diffraction data, which are subject to some
sort of Poisson noise. We compared the performance of two different neural network architectures
when trained and evaluated on different noise statistics. We find that training on experimental data
leads to significantly better denoising performance when the models are evaluated on experimental
data. Artificially adding noise to high counting statistics data, which is the usual approach in AI-
assisted image denoising, is thus still inferior to training on true experimental data. This suggests that
denoising algorithms should be benchmarked on experimental data sets, which would require further
efforts in experimental data acquisition. To generally improve the performance of the trained neural
networks one could increase the amount of training data, also including data from other experimental
scattering techniques such as small angle neutron scattering (SANS) [82] but also data resulting from
angle resolved photo-emission spectroscopy (ARPES) [83] or transmission electron microscopy (TEM)
[84][85] could serve as useful additions. With the presented X-ray diffraction data we noticed that the
convergence during training was quite slow for both network architectures, which can be seen from
the training curves in Figure 34. We assume that the slow convergence is because most of the training
data frames have very similar contents respectively very small structural differences. This makes it
more difficult for the neural network to filter out new distinct features leading to a slow convergence.

VDSR

IRUNet

IRUNet network architecture Trained on real experimental noise(a) (b)

real experimental noise

simulated white Gaussian noise

simulated Poisson noise

Figure 34: Training history showing the validation loss described by Equation 38 versus training
epoch. (a) Comparison of the validation loss obtained by training the IRUNet architecture on different
indicated noise types. (b) Validation loss of the different network architectures VDSR and IRUNet
trained on the true experimental noise. We observe that the IRUNet neural network converges to a
slightly lower loss than the VDSR neural network.
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A Appendix

A.1 Algorithms

function path = cheapest_insertion(n, M)

% CALCULATES A TRAVELING SALESPERSON SOLUTION

%

% inputs:

% n (2D int) -> grid size

% M (int) -> number of measurement locations

%

% outputs:

% path (2D int)

% Get random measurement locations

locations = GET_RANDOM_LOCATIONS(grid_size , number_of_locations);

% Calculate the distance matrix

a = meshgrid (1:M);

dmat = reshape(sqrt(sum(( locations(a,:)-locations(a’,:)).^2 ,2)),M,M);

% Define the initial sub -tour

tour = [START_ID , END_ID ];

open = setdiff (1:M, tour , ’stable ’);

% Main algorithm

while true

if isempty(open)

break

end

d_shortest = Inf; % minimum distance

for kk = 1: length(tour)-1

% Get new subtour distances using node kk

[d_min , id_min] = GET_MINIMUM_DISTANCE(tour , open);

if d_min < d_shortest

id = open(min_id);

node_to_insert = kk;

shortest_dist = min_dist; % update distance

end

end

% Remove index from the possible points

open(open == id) = [];

% Insert point into the obtained tour node

tour = [tour (1: node_to_insert), id, tour(node_to_insert +1: end)];

end

end

Listing 1: Cheapest insertion algorithm.
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function node = binary_tree(node , pts , dim , cut , max_elements)

% CALCULATES A BINARY TREE FOR A GIVEN NUMBER OF POINTS

%

% inputs:

% node (object) -> tree cell

% pts (object) -> points

% dim (int) -> cutting dimension

% cut (int) -> cutting fraction

% max_elements (int) -> maximum leaf cell size

%

% outputs:

% node (object) -> tree cell

% Check if node is a leaf cell

if node.isLeaf

return

end

% Perform array partitioning

boundary = cut*(node.rlow(dim) + node.rhigh(dim));

[index , pts] = partition(pts , node.lower , node.upper , v, dim);

next_dim = set_other_dimension ();

% Traverse the tree

if (index > node.lower)

rhigh = node.rhigh;

rhigh(dim) = boundary;

new_node = create_new_left_node ();

node.left = binary_tree(new_node , pts , next_dim , cut , max_elements);

elseif (index < node.upper)

rlow = node.rlow;

rlow(dim) = boundary;

new_node = create_new_right_node ();

node.right = binary_tree(new_node , pts , next_dim , cut , max_elements);

end

end

Listing 2: Binary tree algorithm used for path tiling implementation.

A.2 Calculation of the parabolic effective electron mass

We start with the assumption that we have a isotropic parabolic dispersion relation in momentum
space E(k⃗) = E(k)

E(k) =
ℏ2k2

2m∗ (40)

where m∗ is the effective electron mass. In STM we measure the change of momentum q = ki − kf
with initial state ki and final state kf . Due to isotropy of the problem we have that

kf = −ki ≡ k ⇒ q = 2k (41)

Equation 40 then becomes

E(q) =
ℏ2q2

8m∗ ≡ aq2 with a =
ℏ2

8m∗ (42)

The coefficient a is obtained by fitting a parabola to the dispersion relation using for example a least
squares approach. Having a one can solve Equation 42 for the effective electron mass m∗.
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A.3 SPGL1 working principle

In this thesis we utilized the basis pursuit denoise (BPDN) optimization routine provided by SPGL1
written in MATLAB [38][39]. SPGL1 has been developed for large-scale applications and can also solve
complex-valued problems. In the presence of noise one can state the BPDN problem as solving an
under-determined system of linear equations by minimizing the ℓ1 norm of the solution with quadratic
constraints on its residual

(BDPN) min ||x||1 subject to ||Ax− b||2 ≤ σ (43)

where x ∈ CN×1, b ∈ RM×1 and A ∈ CM×N with M ≪ N . Solutions of x are hereby in the form
of a sparse approximation. SPGL1 aims at solving a least absolute shrinkage and selection operator
(LASSO) problem [19] via a spectral projected-gradient (SPG) algorithm where one defines the convex
one-norm regularized LASSO problem as

(LASSO) min ||Ax− b||2 subject to ||x||1 ≤ τ (44)

where τ is some constant. If xτ denotes the optimal solution of Equation 44 then one defines the
single-parameter function

ϕ(τ) = ||r||2 with r = b−Axτ (45)

which is called the Pareto curve (see Figure 35). The Pareto curve gives the optimal value of Equation
44 for each τ > 0 and therefore defines the optimal trade-off between the two-norm of the residual r
and the one-norm of the solution. For certain parameters of τ and σ the BPDN problem coincides
with the LASSO problem. The goal of the SPGL1 algorithm is to find a root of the nonlinear equation
ϕ(τ) = σ. In every iteration an estimate of τ is used to define a new convex optimization problem.
The solution to said problem will then yield information about the derivative of the Pareto curve to be
used by a Newton root finding algorithm. Since the Pareto curve ϕ is continuously differentiable for
all values of τ an efficient root-finding using Newton’s method is guaranteed. The SPGL1 algorithm
is very efficient with a worst-case complexity of O(n log(n)).

Figure 35: Typical Pareto curve (blue, solid line) showing two iterations of Newton’s method (red,
dashed line) [38]. Newton’s root-finding method is used to find a solution to ϕ(τ) = σ = ||r||2 = ||x||1
that is where the two-norm of the residual (

”
error“) is equal to the one-norm of the solution x.
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A.4 Effect of background correction on a single spectrum

The applied background described by Equation 31 in Section 1.4.2 was used to level individual path
segments measured consecutively according to the adaptive sparse sampling scheme. By equalizing
the conductance traces in terms of a reference mean µref and standard deviation σref one can improve
the quality of the reconstruction. However, because this correction is applied onto every conductance
trace j at energy Ej this will also lead to a change of the individual spectra as some energies might
be shifted upwards while others might get shifted downwards regarding their conductance values. In
Figure 36 we show the effect of discussed background correction on a Au(111) and NbSe2 spectrum.
Although the differences are not that prominent this approach might also suppress spectral features
that are bound to localized states on the surface as these will get overshadowed by the majority of the
globally occurring spectra. Furthermore, the deviation from the raw spectrum might increase with
more frequent tip changes.
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Figure 36: Applying a background correction onto individual path segments independent of energy
slightly changes the individual spectra at some energies. Here shown are the average point spectra
recorded on adaptively measured Au(111) and NbSe2 samples that were discussed in Section 1.4.2 and
1.5.3. The corrected spectrum of NbSe2 looks very similar to its raw version as there was no obvious
tip change during the experiment.
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