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Abstract

Understanding the internal structure of Uranus remains a challenge due to the limited
data available. The measured parameters are insufficient to arrive at a unique solution for the
planet’s composition and temperature profiles. This thesis introduces an approach utilizing
a random walk algorithm to derive temperature and composition models for Uranus based
on a density profile. The random walk algorithm creates random, monotonic temperature
profiles and according compositions that fit the given density profile. It starts at the surface
and picks matching temperatures and compositions with the algorithm moving towards the
center. The algorithm is applied for density profiles from different sources. Some sources
also provide according temperature profiles for the density profiles. For those sources, we
compare our temperature solutions to the temperature profiles. The comparison showed
that our temperature solutions tend to be higher than the temperature profiles of prior
publications. From Luca Morf a higher number of density profiles were provided that we
used to find temperature and composition profiles for different temperature gradient limits.
The temperature results are used to set limits on the central temperature. Depending on the
temperature gradient limit the central temperatures are between (0.4 — 4) - 10* K for lower
gradient limits and between (1.1—16.5)-10* K for the highest gradient limit. The temperature
results are also used to gain information about the heat transport mechanism in Uranus and
they are checked for compatibility with magnetic field generation. The composition profiles
are used to derive possible bulk compositions of Uranus. Depending on the temperature
gradient limit and the central temperatures different bulk compositions were found. But
for all compositions, the total mass fraction of hydrogen-helium was below 0.12. In the
investigation of the composition layers, we found that for all profiles the hydrogen-helium
mass fraction drops below 0.2 and the water mass fraction has an increase to a value above
0.6 at a radius higher than 0.7 r/Ryranus-
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1 Introduction

1.1 Uranus: Discovery and properties

About 240 years ago in the late 18th century, Uranus was detected by Sir William Herschel.
Uranus, the seventh planet from the sun, was also the seventh planet to be detected. The
planets closer to the sun namely - Mercury, Venus, Mars, Jupiter and Saturn have all been
known since prehistoric times. Those closer planets all appear much brighter in our night sky
and are therefore easily visible by eye. That’s why it was well possible to identify them before
telescopes even existed. In very favorable circumstances Uranus is also visible by eye but even
then it is very dim. Another challenge for detecting Uranus is its slow orbital motion. It takes
Uranus 2 hours to travel the distance of its diameter, while in the case of the Earth, this takes
only about seven minutes. Uranus was observed some times before its detection as a planet but
because of his slow orbital motion, Uranus was often mistaken as a Star. When Sir William
Herschel detected it, he first reported it as a Comet. Since all other planets have been known
since antiquity other planets existing in our solar system weren’t expected. Three months after
its detection Uranus was acknowledged as a planet and was the first planet that was detected
with the aid of a telescope. 60 years later in the mid 19th century unexpected changes in the
orbit of Uranus led to the detection of Neptune.

Although many things are known by now about the third largest planet of our solar system
there are still many open questions about the nature of Uranus. Uranus is located at 20 AU
from the Sun. Together with its outer neighbour Neptune, it represents a unique class of planets
in our solar system with some similarities. Uranus and Neptune are both referred to as the
"ice giants”. Uranus has a mass of about 14.5 Mg (earth masses) and a radius of about 4 Rg,
(earth radii). Neptune has a mass of about 17 Mg and a radius of almost 4 Rq. While their
sizes are almost identical, Neptune is heavier than Uranus which means that Neptune is denser
than Uranus by ~ 30% [7]. While their masses and sizes are very similar there are also some
noticeable differences. Such as their thermal flux. Uranus has a much lower thermal flux than
Neptune. The higher heat flux in Neptune suggests that it is still cooling. The lower heat flux
in Uranus could suggest that it formed with a cool initial thermal profile and then cooled down
enough such that today it has come to thermal equilibrium with the solar insolation. Another
possibility is that there is some kind of thermal boundary layer that is preventing the heat from
escaping. There might also be some mechanism, such as layered convection and/or conductive
or radiative regions that is preventing the heat from escaping efficiently. All those cases suggest
that the thermal profile is non-adiabatic [18].

A special feature of Uranus is its large axial tilt. With an axial tilt of 97.77° Uranus is the
only planet in our solar system that turns sideways. This special axial tilt results in seasonal
changes completely unlike those of the other planets in our solar system. During its orbital
period of 84 Earth years around the sun there is always one pole continuously facing the sun
while the other pole faces away. This means that each pole gets around 42 years of continuous
sunlight until the orientation of the poles towards the sun is reversed and the pole gets another
42 years of darkness. The equator continuously has a rapid day-night cycle with the sun being
very low over the horizon.
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Figure 1: An image of Uranus taken by Voyager 2 on Jan. 14, 1986

The gravitational and magnetic field of Uranus were measured by the Voyager 2 mission
during a flyby. On January 24, 1986, the Voyager 2 spacecraft came closest to Uranus, reaching
a distance of approximately 107,000 km from the planet’s center. This distance is roughly
equivalent to 4 times the radius of Uranus [22]. Until today the Voyager 2 mission is the only
spacecraft that has visited Uranus.

1.2 Magnetic field

The first measurements of Uranus magnetic field were taken by Voyager 2. A quite unexpected
result of those measurements was that the dipole axis of the magnetic field is tilted from the
rotation axis by 60° as shown in figure[2] Also, the magnetic dipole is shifted from Uranus center
toward the rotational south pole.

Lines of force

Magnetic
axis

Figure 2: [12]

While the magnetic fields of Jupiter and Saturn are axisymmetric and dipolar, similar to
Earth’s magnetic field, the measurements of Voyager 2 have shown that Uranus and Neptune
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have non-dipolar and non-axisymmetric magnetic fields. The quadrupole (1 = 2) and the oc-
tupole (I = 3) moments in Uranus and Neptune have comparable power to the dipole (I =
1) moment which means that the field is not dipole-dominated. They also have comparable
power in the axisymmetric and the non-axisymmetric components [2I]. Since magnetic fields
are generated by the motion of a conducting fluid in the interior of a planet, this suggests that
there are crucial differences between the interior compositions of Uranus and Neptune and the
compositions of Jupiter and Saturn [19].

The hydrogen atmosphere in Uranus and Neptune is much smaller than the one in Jupiter and
Saturn and the pressures and temperatures are too low to transform the hydrogen atmosphere
into a metallic state. While in Jupiter and Saturn, the large metallic hydrogen region is probably
the source region for the dynamo, this isn’t possible for Uranus and Neptune. Another possibility
for the source region of the dynamo would be a rocky core (that might not even exist). But
this is very unlikely because if the field was generated in the deep interior one would expect the
magnetic field measured at spacecraft altitude to be dipole-dominated. The reason for this is
that one would be much more distant from the source region and the power of the field falls off
as r2+4 [21]. Dynamo models from Redmer et al.[[2011] suggest that Uranus and Neptune could
have fluid shells that extend from about 0.42-0.56 to 0.7-0.8 of the planet’s radius. With an
ionic water shell extending from 0.6 to 0.8 R,,, in which the conductivity is sufficiently high for
sustaining a dynamo process.

1.3 Composition

When we want to explore the composition of Uranus we face some problems. Knowing a planet’s
mass, radius and some gravitational moments can be used to determine a density distribution
that fits the observed parameters but isn’t sufficient to get a unique internal density distribution.
Even if we would have the internal density distribution we would still need its thermal profile
to discover the composition. [18 [17]

Since Uranus and Neptune are known as the ”ice giants” one would assume that Uranus
should have a high water content. Since Uranus formed far from the Sun in a region where
Water condensates, it might be expected that water is prevalent in its composition. However,
there is no proof of this assumption. There are even arguments that indicate the opposite.
There is evidence that solids in the nearby Kuiper belt have a high rock content [I7]. The
Kuiper belt lies right outside of Neptune’s orbit between about 30 and 50 AU. For objects in
the Kuiper belt, a rock to water mass ratio of about 3 was found to fit the compositions [10]. A
large rock content can also be observed in the dwarf planet Pluto which also lies in the Kuiper
belt. Pluto’s measured bulk density directly implies a rock-rich composition. Another argument
that could imply a high rock content is modern theories for comets. Comets originate in the
outer solar system and there is growing evidence that their rock to water ratio is at least 3 and
potentially up to 6. While a high rock to water ratio is expected in the Kuiper belt and comets,
in Uranus and Neptune a rock to water ratio of about 0.5 is often expected because this would
be consistent with solar composition [17].

9

1.4 Goal of the thesis

Some fundamental physical properties of Uranus and Neptune are already known. Properties
like mass, radius and gravitational field have been measured and can be used to constrain the
interiors of these planets. However, the available data is still very limited and therefore the
derivation of the interior structure remains a challenge. Uranus and Neptune have so far only
been visited by the Voyager 2 spacecraft and many major questions about their origin, evolution
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and internal structure remain unsolved. Today we also know that many exoplanets are in the
mass and radius range of Uranus and Neptune. There are also smaller versions, so called ”mini-
Neptunes”. Gaining more information about Uranus and Neptune can not only give us a better
understanding of those planets but could also be crucial in the understanding of exoplanets [7].
This thesis presents a random walk approach to derive empirical interior models for Uranus.
The main goal of this thesis is to get a better understanding of Uranus’ composition and derive
limitations on its composition and temperature.

The structure of this thesis is as follows. In section |2 some physical properties of Uranus
are provided as well as the background theory on the internal structure of planets. Section [2.2
contains the theory on finding density and pressure profiles and provides the information that
will be used in the derivation of temperature profiles. The section also explains how properties
of mixtures of different materials are derived with the linear mixing approximation (LMA). Ad-
ditionally, the conditions for the occurrence of a magnetic field dynamo in Uranus are discussed
in this section. Section [3| presents the density profiles used in this work to find temperature and
composition results with the random walk approach. It also contains temperature profiles from
previous work that are used to compare the results found with the random walk approach. This
section also explains how the random walk algorithm works. In section [4] the results for different
density profiles are shown and discussed. In section the temperature results are compared
to temperature models of previous work while in section the temperature and composition
results are presented. For the profile solutions presented in section [4.2] section [£.3] discusses the
total bulk compositions and section [£.4] discusses the layers of the composition.

Section [p| will provide a summary of the thesis and its findings, along with a discussion of
the directions for future work.
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2 Theory

2.1 Physical properties of Uranus

In this section, a summary of the physical properties of Uranus is given.

Parameter Uranus
semi-major axis (AU) 19.201

mass (10%4kg) 86.8127 + 0.0040
mean Radius (km) 25362 £ 7
mean Density (gem™3) 1.270 4+ 0.001
R,cr(km) 25559
Jo(x106) 3510.68 + 0.70
J4(x10%) —34.17 4+ 1.30
rotation period (Voyager) 17.24h

1-bar temperature (K) 76 + 2
effective temperature (K) 59.1+0.3
intrinsic flux (Js~1m=2) 0.042 4 0.045
bond albedo A 0.30 £0.049
axis tilt 97.77°

Table 1: Overview of physical properties of Uranus [5]

As already mentioned in section [L.1]the mass of Uranus of about 86.8 x 10?* kg corresponds
to roughly 14.5 Mg (earth masses). The radius R,.s is the reference equatorial radius with
respect to the measured gravitational harmonics Jo and Jy.

2.2 Internal Structure

The internal Structure of a planet cannot be observed directly but can be approached via
theoretical models that fit the planet’s observable data such as mass, radius, gravitational field
and rotational period.

2.2.1 Density and pressure profiles

If not stated otherwise the information in this section is based on [I4]. To find the density
profile of a planet two equations are needed. The planets total potential U(r,#) consists of the
gravitational potential V' (r,0) and the centrifugal potential Q(r,#). The total potential is given
by the following equation.
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U(r,0) =V(r,0)+ Q(r,0)

= _GiW (1 — i (g)n JInPp(cos 0))

n=1

1
+ 5&)27"2 sin?(6) (1)
where

r: Distance
0: Colatitude
G: Gravitational constant
M: Total mass of the planet
a: Equatorial radius at 1 bar
Jn: Gravitational coefficients
P,,: Legendre polynomials
w: Angular velocity of rotation
For the density profile calculation only even order J values are considered. Since uniform
rotation is assumed and dynamics or hemispheric asymmetries are neglected all odd-order J

values are equal to zero. The Gravitational coefficients can be calculated by integrating the
radial density profile p(r) over the planetary volume 7 as in the following equation.

Ma"J, = /p(r)r"Pn(cos 0) dr (2)

For Uranus only the low-order gravitational coefficients Js and J4 were measured but have
relatively high uncertainties. For higher-order coefficients planetary models are used to predict
the J values. A problem in this calculation is that the rotational period of Uranus is not known
precisely. And even if all properties were known precisely one would still not find a unique
solution for the density profile due to the degenerate nature of this problem.

To find the pressure profile a polytropic equation is used that relates the pressure P to the
density p.

P=Kp'tn (3)

where K is the polytropic constant and n is the polytropic index.

2.2.2 Linear Mixing Approximation (LMA)

The materials that are used in this paper to find possible compositions of Uranus are hydrogen,
helium, water, rock (i.e. SiO3) and iron. Water, rock and iron are called heavy elements and
their mass fraction is denoted by Z, while hydrogen and helium are denoted by X and Y. The
following equations of state (EOS) are used in this thesis. For iron and SiO2 the QEOS from
[11] is used, for water the equation of state from [4] is used. The equation of state for the
hydrogen-helium mixture utilizes the CMS from [2], an updated version of SCvH from [20]. The
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equations of state include the relation of temperature, pressure, density, internal energy, entropy
and adiabatic gradient for the material.

The density of combinations of hydrogen, helium and a heavy element can be calculated as
follows.

U SN SR @
p(P,T)  pu(P,T) " pue(P,T) ~ pz(P,T)

where

X: Mass fraction of hydrogen
Y: Mass fraction of helium
Z: Mass fraction of heavy element
P: Pressure

T: Temperature

The mass fraction is the mass of the material at a certain radius divided by the total mass
at this radius. This means that the sum of all mass fractions at a certain radius should be equal
toone: X 4+Y + Z = 1. The ratio of the hydrogen and helium mass fraction is taken to be fixed
to the solar ratio. The mass fraction of hydrogen and helium in the sun are X = 0.7389 and Y
= 0.2463. This leads to a solar ratio of Y = 0.3333.X.[9)

Equation |4] is known as the linear mixing approximation (LMA) and can also be used more
generally for any combinations of N materials [I]. Equation [5{can also be used for combinations
of different heavy elements.

N

(PTLMA ; PT (5)

The internal energy for a mixture of N components can be calculated with equation [6] from
1.
N
w(P,T)pya =Y Xjui(P,T) (6)
i=1
The total entropy for a mixture of N components can be calculated with equation [7] For

a mixture that contains hydrogen and helium an additional term S,,;; representing the ideal
entropy of mixing gets added to equation [7}

N
S(P,T)ya =Y  XiSi(P,T) (7)
i=1

2.2.3 Temperature profile

If not stated otherwise the information in this section is based on [§]. With observations from
the outside the inner temperature profile of a planet can’t be measured. The only direct infor-
mation we have about the temperature profile of Uranus is the surface temperature. The surface
temperature of Uranus at a pressure of 1 bar is about 76 K [7].

To get an idea of how the inner temperature profile could be found, we have to take a closer
look at the energy transport in planets. Energy can be transported by convection, radiation
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and conduction. If the energy is transported by convection this leads to an almost adiabatic
temperature profile.

Since the thermal flux of Uranus is very low there is either something preventing the interior
heat from escaping, like a thermal boundary layer, layered convection, or conductive or radiative
regions, or Uranus already formed with a cool interior such that today it has come to thermal
equilibrium with the solar insolation. In all those possible cases the heat transport in Uranus
can not be overall convective which suggests that the thermal profile is not fully adiabatic [18].
In this work we are only looking at the instantaneous composition and not at its development
over time. In some regions, convection that changes the composition could occur. However,
convection is a very fast process compared to the lifetime scale of Uranus. Therefore it is
very unlikely for large scale convection to happen in regions with changing composition. In
this work we therefore don’t allow convection in regions with composition changes but only in
regions with constant composition. In regions with a homogeneous composition, the heat can
be transported by convection or radiation and conduction while in an inhomogeneous region,
large scale convection is not allowed. However, even if regular convection is not allowed in
an inhomogeneous region the heat transport could still occur via oscillatory double-diffusive
convection (usually referred to as semiconvection) [3].

The temperature gradient, meaning the variation of T in the planet with depth, where depth
is expressed by the pressure, is defined as follows:

dlogT
Vr = 8
T <dlogP) ®)
If a planet is in hydrostatic equilibrium and transports the energy by radiation (and con-
duction) the gradient can be calculated with equation @

3 skl P
16macG mT4

Viad = 9)

where

a:
k: Mean absorption coeflicient
G: Gravitational constant
[: Local luminosity
P: Pressure
m: Mass

T: Temperature

In a homogeneous composition if V,,q < V,q the energy is transported by radiation or
conduction only and therefore Vr = V,.4q. If V,qq > Vg the profile is unstable and convection
occurs. The problem with equation [J9]is that some properties used in this equation are unknown.
The mean absorption coefficient x depends on the composition and the local thermodynamical
conditions which aren’t known so far and the local luminosity [ is also unknown since we can only
measure the thermal flux from the outside and don’t know what is in the deeper shells. Since
equation [9] can’t be solved due to the poorly constrained properties, we need another criterion
for stability against large-scale convection.

From [8] we get the criterion that a radiation layer is stable if
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vrad < vacl + ?Vu (10)

Olnp Olnp dlnp
0:= = = 11
<8lnT>’¢ <01n,u>’v“ (dlnP s (11)
Equation [10] is known as the Ledoux criterion for dynamical stability. In regions with no

changes in the chemical composition, V,, = 0 and we obtain the Schwarzschild criterion for
dynamical stability:

with

Viad < Vad (12)

If in the criteria [10] and [12] the left side is larger than the right side, the layer is dynamically
unstable. If both sides are equal one speaks of marginal stability.

To use the Ledoux criterion the form as in equation [10|not all required quantities are known.
To obtain a more practical expression of the Ledoux criterion in this study, equation from
[16] is used.

Vr <Vuw+B (13)
with 1 InP T, X In P T, X
Bp——— n P(pg, Ty, Xi) — In P(pg, They Xg—1) (14)
XT lnPk-—h'lPkfl

From equation [14] a form as in equation 15| can be derived.

_ Xp Inp(Pr, Ty, Cx) — I p( Py, Tre, Cr—1) " In p, — In pg_4

B
T xr In pj, — In In P, — In Py

(15)

where P is the pressure, T the temperature, p the density, C the composition vector (with the

mass fractions of hydrogen, helium, and heavy elements), xr = (giﬁg}p and x, = (%lﬂlf; )TC.

In this thesis we use the assumption

= (61nP> P —InPy (16)
r Olnp )ro  Inpp—Inpg

which leads to the simplification

1 Inp(Px, Tk, Cx) — In p( Py, T, C—
XT Inpp —Inpg1
This simplification is quite accurate for profiles with almost constant temperatures and
compositions but less accurate for rapidly changing temperatures and compositions. Therefore

we recommend using equation [14] for future work.
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2.2.4 Dynamo region

To be able to create a dynamo there should be a region in Uranus that is convective and contains
ionic water at the same time. Therefore solutions that have adiabatic temperature gradients in
the ionic water region are particularly interesting. In this work the ionic water region as shown

in figure |3 from [19] is used.

Superionic

T [1000 K]

p [Mbar]

Figure 3: Phase diagram of water up to high pressures as relevant for the interiors of Uranus
and Neptune. [19]

The boundaries between the various water phases in figure [3] were only determined within
an estimated uncertainty of 10-20%. It is also important to note that the phase diagram shows
the ionic region for pure water. However, the interior of Uranus is not necessarily composed
of pure water in the pressure and temperature range of the ionic region. Therefore the ionic
water region is not completely accurate for compositions with other compounds than water. In
the result section the ionic water region will be added to the plots to examine if solutions with
adiabatic temperature gradients and water content exist in the ionic water region.

10
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3 Methods

3.1 Uranus density and temperature profiles

For our investigation of Uranus’ composition different density profiles were used. Figure
shows the density models 1-5 from [Neuenschwander et al.|2024 as well as the density models Ul
from [Nettelmann et al.|[2013| and PolyU from [Helled et al.|[2010. Figure shows the density
models from Luca Morf where the color indicates the profile number. Models with higher profile
numbers have higher central densities.

le4 led
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Figure 4: Density models used for the temperature and composition derivation as a function of
the normalized mass

Figure [| shows the temperature models 1-5 from [Neuenschwander et al.[2024] as well as the
temperature model Ul from Nettelmann et al.|2013| the hot model and the cold model from
Podolak et al|2019. The central temperature models of all those models are within a range of
log T = (3.3 -4.5) K.
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3.2 Random Walk

Figure [6] shows a flow chart of the random walk and is followed by an explanation of the random

walk algorithm.
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Figure 6: Flow chart for the Random walk algorithm
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The Random walk algorithm uses a density and a pressure profile to derive temperature
and composition profiles. The composition and temperature profiles are derived with a random
walk from outside to inside. For the starting point, two initial components are given. As initial
components, we use hydrogen-helium and water. We want to derive the density as a function
of the temperature T, the pressure P and the mass fractions Z; and Z, of the Components 1
and 2. For the pressure, we use the first element of the pressure profile, which, if the pressure
profile starts at the surface of the planet, is the surface pressure of 1 bar. If the pressure profile
starts at the surface for the temperature we can use the surface temperature of Uranus. For the
mass fractions Z; and Zs all values between 0 and 1 are used in the derivation of the density
to get the density solutions for all possible combinations of mass fractions with Z; + Zs = 1.
Now we check if one of the derived densities matches the first element of the density profile. If
no match is found the random walk fails. If there is a match, the mass fractions Z; and Zs and
the temperature T, used in the density derivation, are saved as the first solution point for the
temperature and the composition profiles. The Random walk now continues with the next inner
point. For the next inner point again all possible density solutions are derived as a function of
T, P, Z1 and Zs. For the pressure P, the next element of the pressure profile is taken. For the
temperature we now use a range between the previous temperature and a maximal temperature
(in this work T},4. = 10%° K). For Z; and Z, again, all values between 0 and 1 are used. Now
we check if there are matches between the derived densities and this next inner element of the
density profile. If no match can be found the current components are exchanged with the next
heavier components and the random walk continues with the next inner point. For example
if for the current components we have: Component 1 = H — He and Component 2 = H,0,
then the new components will be: Component 1 = HyO and Component 2 = Si0Oy. If the
heaviest elements Si0Os and Fe were already reached, the component exchange isn’t possible
and the random walk fails. If density matches can be found, we first take only the solutions
with constant compositions with respect to the last point (this constraint is further explained
in section and check if they have a constant entropy (this check is further explained in
section . If such solutions exist one of them gets chosen randomly. The mass fractions and
the temperature that were used for this solution are saved as the next point in the temperature
and composition profile. The random walk will then continue with the next inner point. If
no such solution exists we now take only the solutions with changing composition that satisfy
the temperature gradient limit Vp < (V4 + B). This temperature gradient limit is further
explained in section [3.2.3] If such solutions exist one of them gets chosen randomly. The mass
fractions and the temperature that were used for this solution are saved as the next point in the
temperature and composition profile. The random walk will then continue with the next inner
point. If no such solutions exist the current components are exchanged with the next heavier
components and the random walk continues with the next inner point. If the heaviest elements
Si102 and Fe were already reached the component exchange isn’t possible and the random walk
fails. The random walk ends successfully if the last element of the density and the pressure
profile is reached. The last element corresponds to the center of the planet.
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3.2.1 Composition constraint

In the search for a solution point, the first attempt is to find a solution with constant composition
with respect to the last point. For the solution with constant composition we check if the entropy
remains constant which yields an adiabatic temperature profile as presented in section [3.2.2]
With this approach, the adiabatic temperature profile is favored whenever the composition is
constant. If no constant composition can be found we take a solution with changing composition
and check if the temperature of the solution satisfies the the temperature gradient limit presented
in section 3.2.3]

Another constraint we give the composition is that the heaviest element in the mixture can
only increase.

3.2.2 Entropy constraint

For the solution points with constant composition we check if the entropy from the last to the
current solution is also constant. If the entropy is constant the temperature profile is considered
to be adiabatic. The entropy is called constant in this work if it satisfies the condition in equation

18l
log S[i + 1] — log S[i] < elog S]i] (18)

3.2.3 Temperature constraint

The first constraint for the temperature is that the temperature has to be monotonically increas-
ing. Going inward this gives us the previous temperature as a minimal value for the temperature
range. For computational purposes, an upper limit for the temperature range is needed. The
upper limit chosen in this work is T = 10°° K. This upper limit is purposely chosen to be
much higher than any value one would expect for the central temperature of Uranus such that
this choice does not influence the range of temperature solutions. An additional temperature
constraint provides an upper limit for the temperature gradient. Equation is used to limit
the temperature gradient. This equation indicates the maximal allowed temperature gradient.
However, the gradient limit in reality is probably lower. With temperature gradients allowed
as in equation [13| the temperatures in the center sometimes reach very high values. The tem-
perature models used for comparison in this work presented in section all have central
temperatures below 30000 K and to find central temperatures in that range with the random
walk algorithm a more restrictive limit for the temperature is needed. Because the temperature
limit provided by the Ledoux criterion has a high uncertainty a prefactor 0 < 8 < 1 gets added
to equation (13| to find profiles for a diverse range of temperature gradient limits.

Vr < B(Vaa+ B) (19)

Equation 5 describes the relation between the temperature gradient and the Ledoux
gradient.

14



Results Sara Engeli

4 Results

In this section, the results for Uranus’ temperature and composition profiles with the random
walk algorithm are presented. The results are shown for different choices of € in equation [18| for
the entropy constraint and for § in equation [19]|to limit the temperature gradient. The random
walk algorithm was implemented for ¢ = 0.01, 0.001 and g = 1, 0.5, 0.1. For ¢ = 0.001 in
many cases, only very few or no solutions were found while for ¢ = 0.01 it was possible to find
solutions for most of the density profiles. Both of those values are very small compared to the
uncertainty of the equation of state. For [ the values were chosen such that they reflect a range
of possible solutions. Also values in between or smaller than the chosen ones could be selected.
In section the temperature results will be derived for the density profiles shown in figure
and compared to previous temperature models shown in figure [5| In section the density
profiles shown in figure [4b| will be used to derive possible solutions for temperature profiles and
compositions.

4.1 Comparison of temperature profiles

The temperature results in this part will be derived for the density profiles shown in figure
and compared to previous temperature models shown in figure To make the temperatures
comparable, the random walk algorithm starts at the same temperature as the temperature
model used for the comparison. The composition starts with a combination of hydrogen-helium
and water. The plots in this section show the temperature solutions found by the random walk
algorithm as well as the temperature model used for comparison. The plots also include the ionic
water region shown as a pink area. With a blue background, the plots indicate the regions where
at least one of the temperature solutions has an adiabatic gradient (following the condition from
section . For some temperature results, we will also show the entropy results which are
used in the determination of the adiabatic regions.

4.1.1 Comparison: Part 1

In this section temperature solutions are calculated and compared for a few combinations of
density and temperature models. In table [2| the temperature and density profiles used are listed
with the figure that shows the according temperature solutions.

Temperature model Density model Figure
Ul [Nettelmann et al.[2013 U1 [Nettelmann et al.[2013 7

U2 [Nettelmann et al.72013 U2 [Nettelmann et al.72013

Hot model [Podolak e‘é al.[[2019 U1 [Nettelmann et al.72013 9
Cold model [Podolak et al/[2019 PolyU [Helled et al. 2010 10
Hot model Podolak et al.[[2019 PolyU [Helled et al.72010 11

Table 2: List of temperature and density models used for comparison

Figure [7| shows the temperature and the entropy solutions for the density model Ul and the
temperature model Ul from [I3] In figure [7a] 8 = 0.1 was used for the temperature gradient
limit while in figure [7b| 5 = 0.5 was used. Both cases used ¢ = 0.001. For ¢ = 0.01 no solutions
could be found. In the outer part of the planet in the adiabatic region, the solutions match
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the temperature model Ul. For 8 = 0.1 most of the temperature solutions are lower than the
temperature model Ul. Only towards the center, there is a higher temperature solution. For
B = 0.5, the temperature solutions cover the region of the temperature model Ul, however
there is no completely matching solution. For 8 = 1, there were only very few solutions found
that are much higher than the temperature model Ul. Figures [7d and [7d] show the associated
entropy as a function of the normalized radius for the temperature profiles in figures and

[7b] The entropy plots show that in a region where at least one of the entropy solutions remains
sufficiently constant the region gets labeled as adiabatic.
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Figure 7: Temperature and entropy solutions for density model Ul and the temperature model
U1 from Nettelmann et al 2013

Figure |8 shows the temperature solutions for the density model U2 and the temperature

model U2 from [I3]. In figure |8a) f = 0.1 was used for the temperature gradient limit while in
figure Bb| 8 = 0.5 was used. Both cases used e = 0.001. For e = 0.01 no solutions could be found.

In the outer part of the planet in the adiabatic region, the solutions match the temperature
model U2. For # = 0.1 most of the temperature solutions are lower than the temperature
model U2. Only towards the center, there is a higher temperature solution. For g = 0.5, the

temperature solutions completely cover the region of the temperature model U2. For = 1, no
solutions were found.
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Figure 8: Temperature solutions for density model U2 and the temperature model U2 from
Nettelmann et al)2013

Figure |§| shows the temperature solutions for the density model Ul from [I3] and the hot
temperature model from [I8]. In figure [9a] 3 = 0.1 was used for the temperature gradient limit
while in figure [9b] 5 = 0.5 was used. Both cases used ¢ = 0.001. For ¢ = 0.01 no solutions
could be found. In the outer part of the planet in the adiabatic region, the solutions match
the hot temperature model. For § = 0.1 in the outer part, the temperature solutions are lower
than the hot temperature model while towards the center they cover the same region. For 5 =
0.5 the temperature solutions cover the region of the hot temperature model for the majority

of the planet’s radius, however, the central temperature solutions are all higher than the hot
temperature model. For 8 = 1, no solutions were found.
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Figure 9: Temperature solutions for density model Ul from [Nettelmann et al.2013| and the hot
temperature model from [Podolak et al.i2019

Figure[10[shows the temperature solutions for the density model PolyU from [6] and the cold

temperature model from [I§]. In figure B = 0.1 was used for the temperature gradient limit
while in figure B = 1 was used. Both cases used ¢ = 0.01. For § = 0.1, all temperature

solutions are higher than the cold temperature model for the whole planet, even in the adiabatic
region. For § = 1, the temperature solutions are all higher than the cold temperature model in
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the outer part and the center. In between the temperature solutions cover the region of the cold
temperature model. For 8 = 0.5, the solutions look almost identical to the solutions for 8 = 1.
For ¢ = 0.001, the temperature solutions are even higher than in the examples shown here.

4.5 4

4.5 1

4.0 4 4.0 1

3.5 4 3.5 4

log T [K]

,l
log TI[K]
/

3.0 e 3.0 =
logT from Random Walk ==
254 adiabatic region of random walk profile

lonic water region
--- temperature model

- logT from Random Walk T
254 adiabatic region of random walk profile

lonic water region
--- temperature model

—

—

2.0

e

2.0 T T T
.0 0.0 0.2 0.4 0.6

normalized radius [r/Ryranus]

(b) with § =1 and € = 0.01

0.0 0.2 0.4 0.6 0.8
normalized radius [r/Ryranus]

(a) with 8 = 0.1 and € = 0.01

b m—————

T
0.8

Figure 10: Temperature solutions for density model PolyU from [Helled et al2010| and the cold
temperature model from Podolak et al)2019

Figure shows the temperature solutions for the density model PolyU from [6] and the
hot temperature model from [1§8]. In figure B = 0.1 was used for the temperature gradient
limit while in figure B = 1 was used. Both cases used ¢ = 0.01. In the outer part in the
adiabatic region, all temperature solutions match the hot temperature model. For g = 0.1,
all temperature solutions are higher than the hot temperature model for the majority of the
planet’s radial range. For 8 = 1, the temperature solution matches the hot temperature model
for a majority of the planet’s radial range, only towards the center all temperature solutions are
higher. For 8 = 0.5, the solutions look almost identical to those for 5 = 1. For ¢ = 0.001, the
temperature solutions are higher than in the examples shown here.
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Figure 11: Temperature solutions for density model PolyU from Helled et al 2010/ and the hot
temperature model from Podolak et al)2019

The figures in this section show that the choice of 5 and € can have a great impact on the
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number of solutions found and the compatibility of the temperature solutions and the tempera-
ture models. However, some conclusions are independent of the choice of 8 and e. For the cold
model from [Podolak et al.|2019 the central temperatures of the model are always smaller than
the temperature solutions. For a combination of the cold model and the density model U1l from
Nettelmann et al. 2013/ no solutions were found. For the hot model from [Podolak et al.l2019
the central temperatures are also smaller than the temperature solutions in many cases. Only
for a small 8 value of 0.1, temperature solutions with the same central temperature as the hot
model were found. The best temperature fit was found for the density and temperature models
U1l and U2 from Nettelmann et al.[2013. For both cases [ needs to be smaller than 1 to find
solutions but for a suitable choice of 5 the temperature models are both well within the range
of temperature solutions at any radius. Since we expect § to be smaller than 1 and possibly
even significantly smaller these results agree with our expectations on the temperature gradient
limit presented in section [3.2.3
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4.1.2 Comparison: Part 2

In this section temperature solutions and the compositions are calculated and compared for dif-
ferent profiles from [I5]. For the density profiles in this section, the random walk algorithm fails
to get solutions in the outer part of the planet when pressures are below 1000 bar. Consequently,
all profiles in this section start at a pressure of 1000 bar, beginning with the temperature value
corresponding to the temperature models at this pressure.

Figure [12| shows the temperature solutions for the density and the temperature model 1 CC
from [15]. In figure B = 0.1 was used for the temperature gradient limit while in figure
B = 0.5 and in figure B = 1 was used. All of those cases use ¢ = 0.01. In the outer
part, there is a region where all temperature solutions are aligned with the 1 CC temperature
model. This region is also adiabatic. For # = 0.1, all temperature solutions are lower than the
1 CC temperature model except for the outer part. For 8 = 0.5 in the middle part temperature
solutions are lower and towards the center cover the region of the 1 CC temperature model. For
B = 1 in the outer part, the temperature solutions are lower and towards the center, they are
higher than the 1 CC temperature model. For ¢ = 0.001 no temperature solutions were found.
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Figure 12: Temperature solutions for density and temperature model 1 CC from [15]

Figure [13|shows the temperature solutions for the density and the temperature model 1 PH
from [I5]. In figure B = 0.5 was used for the temperature gradient limit while in figure
B = 1 was used. Both cases use ¢ = 0.01. In the outer part, there is a small region
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where all temperature solutions are aligned with the 1 PH temperature model. This region is
also adiabatic. For 8 = 0.5 in most of the outer part the temperature solutions are lower and
towards the center cover the region of the 1 PH temperature model. For 8 = 1 in the outer
part, the temperature solutions are lower and towards the center, they are higher than the 1 PH
temperature model. For ¢ = 0.001 no temperature solutions were found.
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Figure 13: Temperature solutions for density and temperature model 1 PH from [I5]

Figure [14] shows the temperature solutions for the density and the temperature model 1 PV
from [15]. In figure e = 0.01 was used for the entropy constraint while in figure e =0.001
was used. Both cases use § = 1. For the smaller 8 values 0.5 and 0.1 no solutions were found.
For € = 0.01 the temperature solutions are aligned with the temperature model 1 PV in the outer
part where the profiles are adiabatic. For the rest of the profile, all temperature solutions are
higher than the temperature model 1 PV. For ¢ = 0.001, there were only temperature solutions
found that are always higher than the temperature model 1 PV.
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Figure 14: Temperature solutions for density and temperature model 1 PV from [15]

Figure [15|shows the temperature solutions for the density and the temperature model 2 PV
from [15]. In figure 6 = 0.5 was used for the temperature gradient limit while in figure 15}
= 1 was used. Both cases use e = 0.01. In the outer part, there is a region where all temperature
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solutions are aligned with the 2 PV temperature model. This region is also adiabatic. For [
= 0.5 except for one single profile, all temperature solutions are slightly lower than the 2 PV
temperature model. For § = 1 except for the outer part all temperature solutions are higher
than the 2 PV temperature model. For ¢ = 0.001 no temperature solutions were found.

Figures and show the associated entropy as a function of the normalized radius for
the temperature profiles in figures and The entropy plots show that in a region where
at least one of the entropy solutions remains sufficiently constant the region gets labeled as
adiabatic.
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Figure 15: Temperature solutions for density and temperature model 2 PV from [15]

Figure shows the temperature solutions for the density and the temperature model 3
PV from [15]. In figure e = 0.01 was used for the entropy constraint while in figure [16b|
€ = 0.001 was used. Both cases use § = 1. For the smaller 8 values 0.5 and 0.1 no solutions
were found. For € = 0.01 the temperature solutions are aligned with the temperature model
3 PV in the outer part where the profiles are adiabatic. For the rest of the profiles region, all
temperature solutions are higher than the temperature model 3 PV. For ¢ = 0.001, there was
only one temperature solution found which is always higher than the temperature model 3 PV.
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Figure 16: Temperature solutions for density and temperature model 3 PV from [I5]
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Figure [17] shows the temperature solutions for the density and the temperature model 4 PV
from [15]. In figures and the values of 5 are set to 0.1, 0.5 and 1. All of them use €
= 0.01 for the entropy constraint. In figure[I7d] = 1 and € = 0.001 were used. For e = 0.01 the
temperature solutions are aligned with the temperature model 4 PV in the outer part where the
profiles are adiabatic. For 8 = 0.1, the temperature solutions are also close to the temperature
model 4 PV for the inner part. For 8 = 0.5 the temperature solutions cover the region of the
temperature model in the middle part and are higher in the center. For 8 = 1, the temperature
solutions are higher than the temperature model for the majority of the profile. For ¢ = 0.001,
the temperature solutions are always higher than the temperature model 4 PV even in the outer
region.
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Figure 17: Temperature solutions for density and temperature model 4 PV from [15]

Figure [18 shows the temperature solutions for the density and the temperature model 5 PV
from [15] In figure e = 0.01 was used for the entropy constraint while in figure € =
0.001 was used. Both cases use § = 1. For the smaller § values 0.5 and 0.1 no solutions were
found. For € = 0.01 the temperature solutions are aligned with the temperature model 5 PV
in the outer part where the profiles are adiabatic. For the rest of the profile, all temperature
solutions are higher than the temperature model 5 PV. For ¢ = 0.001, the temperature solutions
are always higher than the temperature model 4 PV.
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Figure 18: Temperature solutions for density and temperature model 5 PV from [I5]

The figures in this section show that the choice of § and € can have a great impact on the
number of solutions found and the compatibility of the temperature solutions and the temper-
ature models. In contrast to section in this section the choice of € = 0.001 never provides
compatible solutions. In most cases there are only very few solutions found with this € value and
the solutions are always much higher than the temperature model. With ¢ = 0.01 all models
are compatible with the temperature solutions at least for a part in the outer adiabatic region.
The range of this compatible region varies for the different models but doesn’t depend much on
B. For some models namely 1 PV, 3 PV and 5 PV the temperature models are always lower
than the temperature solutions except for the outer region. Compatible solutions can’t be found
for those models since for lower 8 values, that could provide lower temperature solutions, no
solutions are found. For the models 1 CC and 1 PH it is possible to find solutions match-
ing the central temperatures of the models. However, for the solutions with matching central
temperatures there is always a region towards the outer part where the temperature solutions
aren’t well aligned with the temperature model. The models 2 PV and 4 PV have the best
compatibility with the temperature solutions. For both cases, it is possible to find temperature
solutions that are close to the temperature models at any radius. With a more suitable choice of
B for those models, it might be possible to find solutions even closer to the temperature models.
For all profiles in this section a choice of § = 1 leads to central temperature solutions that are
always higher than the ones of the reference models. Matching central temperatures can only
be found for smaller 5 values, which agrees well with our expectations of S being smaller than
1 as presented in section

25



Results Sara Engeli

4.2 Composition and temperature models

In this part, the random walk algorithm will be used on the density models shown in figure
[db]l For those density models solutions of temperature and composition can be found for the
whole range of the planet, starting at the surface at a pressure of 1 bar until the center of
Uranus. The start temperature at the surface used for the calculations of the models in this
section is 100 K. The composition starts with a combination of hydrogen-helium and water.
In this section, the entropy constraint, as articulated in equation [18] is applied with e= 0.01.
With smaller e values such as e = 0.001, only a limited number of solutions were found, making
smaller values unsuitable for the analysis. The random walk algorithm was implemented for
different 3 values for the temperature gradient limits in equation Results for g values of
1, 0.5, and 0.1 are presented in sections 4.2.1} 4.2.2| and [4.2.3] respectively. In this section,
the temperature and composition solutions for a selection of density profiles are shown. The
selection of density profiles should reflect temperature and composition solutions that are as
different as possible to give an impression of the solution range. The plots in this section show
the temperature and composition solutions found by the random walk algorithm as well as
the ionic water region shown as a pink area. The blue background on the plots indicates the
regions where at least one of the temperature solutions has an adiabatic gradient (following the
condition from section . The composition results in this section have a strong connection
to the central temperature results. Therefore to interpret the compositions in terms of total
mass fraction the profiles are divided into four different categories by means of their central
temperature: the "reference temperature models”, the "moderate models”, the ”hot models”
and the "extreme hot models”. The ”reference temperature models” are defined as models with
central temperatures in the range log T, = (3.3 - 4.5) K as the published models shown in figure
which corresponds to T, ~ (2000 - 31 600) K. The "moderate models” are defined as models
with central temperatures in the range log T, = (4.5 - 4.9) K which corresponds to T, =~ (31 600 -
79 400) K. The "hot models” are defined as models with central temperatures in the range log T
= (4.9 - 5.05) K which corresponds to T, ~ (79 400 - 112 200) K. The ”extreme hot models”
are defined as models with central temperatures higher than log T, = 5.05 K which corresponds
to T. ~ 112 200 K.

4.2.1 Models with § =1

The models shown in this section were calculated with 5 = 1 for the Ledoux criterion (equation
. Figure [19| shows the temperature solutions found for the density models from figure [4b| as
a function of the normalized mass. The color on the plots indicates the profile number. Models
with higher profile numbers have higher central densities. Central temperatures for profiles with
higher central densities are within a narrower range, situated towards the lower end of the overall
range of central temperatures. For lower central densities the according central temperatures
cover a broader range. In figure [19a all temperature solutions found are shown while in figure
only the temperature profiles with adiabatic solutions in the ionic water region are shown.
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Figure 19: Temperature solutions as a function of the normalized mass with 5 = 1 for all density
models from figure @

Figure [20] shows the distribution of the central temperatures and points out the range of
central temperatures found. Since S = 1 allows the highest temperature gradient, the central
temperatures found can reach very high values. The majority of the central temperatures are
higher than the range of central temperature from previous models shown in figure
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Figure 20: Histograms of the central temperatures with 5 = 1

For all temperature solutions in figure 20a] we get a central temperature range of log T, =
(4.07 - 5.22) K which corresponds to T, = (1.1 - 16.5) -10* K. If we only consider the profiles
with adiabatic solutions in the ionic water range as shown in figure 20b] we get a more narrow
central temperature range. If outliers are neglected we get a central temperature range of log 7,
= (4.25 - 5.05) K which corresponds to T, = (1.7 - 11.3) -10* K. In both scenarios, the majority
of central temperatures exceed the range represented by the temperature models in previous
research, where the central temperatures were within the range log T, = (3.3 - 4.5) K, as illus-
trated in figure
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Figure shows the composition and temperature results for the density model 102. In
figure and the composition and temperature results are plotted against the normalized
mass while in figure and the results are plotted against the normalized radius. The
example shows that the inner and outer parts are more visible if the results are shown as a
function of the radius. However, when the results are plotted against mass, it provides a more
accurate representation of the composition in terms of mass. The temperature plots show that
the solutions found for this density profile have adiabatic temperature gradients in the ionic
water region and a composition that contains water in the same region. This combination could
allow the creation of a dynamo for the magnetic field.
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Figure 21: Composition and temperature results for the density model 102 with § = 1 and € =
0.01

Figure 22] shows the composition and temperature results for the density model 24 as a
function of the normalized mass. All central temperatures found are very high. One single
solution with a central temperature higher than log 7. = 5 suggesting a high iron mass fraction
may be considered an outlier and can likely be disregarded. For this density profile, no solution
is found to be adiabatic and in the ionic water region at the same time.
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Figure 22: Composition and temperature results for the density model 24 with § = 1 and € =

0.01

Figure shows the composition and temperature results for the density model 43 as a
function of the normalized mass. The temperature plots show that the solutions found for this
density profile have adiabatic temperature gradients in the ionic water region and a composition

that contains water in the same region.
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Figure 23: Composition and temperature results for the density model 43 with § = 1 and ¢ =

0.01
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Figure 24: Total mass fractions as a function of the central temperature for § = 1

Figure shows the total mass fractions of all components as a function of the profile’s
central temperatures. The total H — He mass fraction is lower than 0.07 for all profiles in this
section. The total mass fraction of HoO and Si0O2 can be at almost any value and depends
on the central temperature. The total mass fraction of Fe is very low for most of the profiles
and reaches higher values only for very hot central temperatures. In table |3| the total ranges
of total mass fraction for all components are shown split up into the four different temperature
model categories: "reference temperature model”, "moderate model”, ”hot model”, ”extreme
hot model”. Outliers are neglected in the determination of the total mass fraction range.
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reference moderate hot models extreme
temperature models hot models
models
log Te [K] 3.3-4.5 4.5 -4.9 4.9 - 5.05 > 5.05
number of 82 586 434 317
models
H — He 0.01 - 0.06 0.01 - 0.06 0.00 - 0.04 0.00 - 0.03
HyO 0.62 - 0.92 0.28 - 0.92 0.02 - 0.40 0.01 - 0.25
SiOg 0.00 - 0.30 0.00 - 0.67 0.26 - 0.92 0.01 - 0.92
Fe 0.00 - 0.03 0.00 - 0.03 0.00 - 0.36 0.00 - 0.86

Table 3: Total mass fractions for all components in different model categories for § = 1

4.2.2 Models with 5 = 0.5

The models shown in this section were calculated with 5 = 0.5 for the Ledoux criterion (equation
19)). Figure 25| shows the temperature solutions found for all density models from figure as
a function of the normalized mass. The color on the plots indicates the profile number. Models
with higher profile numbers have higher central densities. Central temperatures for profiles with
higher central densities are within a narrower range, situated towards the lower end of the overall
range of central temperatures. For lower central densities the according central temperatures
cover a broader range. In figure all temperature solutions found are shown while in figure
[25b] only the temperature profiles with adiabatic solutions in the ionic water region are shown.
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Figure 25: Temperature solutions as a function of the normalized mass with § = 0.5 for all
density models from figure

Figure [26] shows the distribution of the central temperatures and points out the range of
central temperatures found. The temperature gradient is limited to a lower gradient with g
= 0.5. The central temperatures have a more pronounced concentration around a main peak
compared to the case of 5 = 1. The main peak at log T, = 4.4 K and two smaller peaks at higher
temperatures are still higher than most of the central temperatures from previous models.
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Figure 26: Histogram of the central temperatures with g = 0.5

For all temperature solutions in figure 26a] we get a central temperature range of log T, =
(3.9 - 5.22) K which corresponds to T, = (0.8 - 16.5) -10* K. If we only consider the profiles
with adiabatic solutions in the ionic water range as shown in figure 26b] we get a more narrow
central temperature range. If outliers are neglected we get a central temperature range of log 7,
= (4.15 - 4.56) K which corresponds to T, = (1.4 - 3.7) -10* K. Considering all temperature
solutions many solutions exceed the range represented by the temperature models in previous
research. Considering only the profiles with adiabatic solutions in the ionic water range almost
all central temperatures lie within the range log T, = (3.3 - 4.5) K, as illustrated in figure

Figure [27] shows the composition and temperature results for the density model 79. In figure
[27a] and 27H] the composition and temperature results are plotted against the normalized mass
while in figure and the results are plotted against the normalized radius to enhance
the visibility of the composition in both the central and outer regions. The temperature plots
show that the solutions found for this density profile have adiabatic temperature gradients in
the ionic water region and a composition that contains water in the same region.
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Figure 27: Composition and temperature results for the density model 79 with § = 0.5 and € =
0.01

Figure 28] shows the composition and temperature results for the density model 13. The
temperature plot shows that the profiles found are adiabatic over the whole range of the planet
and are therefore all almost identical since for an adiabatic profile the temperature gradient
is unique and therefore gives only one option for the solution. In the ionic water region, the
composition also contains water, and since the whole profile is adiabatic it also has an adiabatic
temperature gradient in that region. Since that whole profile range is adiabatic the composition
remains constant except for one jump.
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Figure 28: Composition and temperature results for the density model 13 with § = 0.5 and € =
0.01

Figure shows the composition and temperature results for the density model 63. The
temperature plot shows that a major part of the profile is adiabatic and therefore the profiles
are very similar. For this density profile, no solution is found to be adiabatic and in the ionic
water region at the same time.
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Figure 29: Composition and temperature results for the density model 63 with § = 0.5 and € =
0.01
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Figure 30: Total mass fractions as a function of the central temperature for § = 0.5

Figure shows the total mass fractions of all components as a function of the profile’s
central temperatures. The total H — He mass fraction is lower than (.08 for all profiles in this
section. The total mass fraction of HoO and Si0O2 can be at almost any value and depends
on the central temperature. The total mass fraction of Fe is very low for most of the profiles
and reaches higher values only for very hot central temperatures. In table [4 the total ranges
of total mass fraction for all components are shown split up into the four different temperature
model categories: "reference temperature model”, "moderate model”, "hot model”, ”extreme
hot model”. Outliers are neglected in the determination of the total mass fraction range.
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reference moderate hot models extreme
temperature models hot models
models
log Te [K] 3.3-4.5 4.5 -4.9 4.9 - 5.05 > 5.05
number of 964 73 138 70
models
H — He 0.01 - 0.08 0.00 - 0.07 0.00 - 0.02 0.00 - 0.03
HyO 0.64 - 0.98 0.55 - 0.87 0.03 - 0.37 0.01 - 0.23
SiOg 0.00 - 0.31 0.01 - 0.42 0.43 - 0.95 0.03 - 0.76
Fe 0.00 - 0.02 0.00 - 0.02 0.00 - 0.39 0.09 - 0.88

Table 4: Total mass fractions for all components in different model categories for 8 = 0.5

4.2.3 Models with § = 0.1

The models shown in this section were calculated with 5 = 0.1 for the Ledoux criterion (equation
19)). Figure [31| shows the temperature solutions found for all density models from figure as
a function of the normalized mass. The color on the plots indicates the profile number. Models
with higher profile numbers have higher central densities. Central temperatures for profiles with
higher central densities are within a narrower range, situated towards the lower end of the overall
range of central temperatures. For lower central densities the according central temperatures
cover a broader range. In figure all temperature solutions found are shown while in figure
[B15] only the temperature profiles with adiabatic solutions in the ionic water region are shown.
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(a) All temperature profiles found for density mod- (b) Only temperature profiles with adiabatic solu-
els in figure II_B' tions in the ionic water region

Figure 31: Temperature solutions as a function of the normalized mass with § = 0.1 for all
density models from figure

Figure [32] shows the distribution of the central temperatures and points out the range of
central temperatures found. The temperature gradient is limited to a lower gradient with g =
0.1. The central temperatures are concentrated around a main peak at a lower temperature
compared to the case of 5 = 1 and § = 0.5. Most of the central temperatures in this case are
in the same range as the temperatures from previous models.
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Figure 32: Histogram of the central temperatures with g = 0.1

For all temperature solutions in figure we get a central temperature range of logT, =
(3.63 - 4.6) K which corresponds to T, = (0.45 - 4.04) -10* K. Considering only the profiles with
adiabatic solutions in the ionic water range as shown in figure leads only to a very small
change in the central temperature distribution and has no impact on the central temperature
range. A great majority of the temperature solutions have central temperatures that lie within
the range represented by the temperature models in previous research, where the central tem-
peratures were within the range log T, = (3.3 - 4.5) K, as illustrated in figure

Figure [33| shows the composition and temperature results for the density model 84. In figure
[33a] and [33b] the composition and temperature results are plotted against the normalized mass
while in figure and the results are plotted against the normalized radius. The temper-
ature plots show that the solutions found for this density profile have adiabatic temperature
gradients in the ionic water region and a composition that contains water in the same region.
The solutions are all very similar.
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Figure 33: Composition and temperature results for the density model 84 with § = 0.1 and € =

0.01

Figure shows the composition and temperature results for the density model 54 as a
function of the normalized mass. There is an adiabatic temperature region with water in the
composition that has an overlap with the ionic water region, however, the overlap is very small.
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Figure 34: Composition and temperature results for the density model 54 with § = 0.1 and € =
0.01

Figure shows the composition and temperature results for the density model 33 as a
function of the normalized mass. The temperature plots show that the solutions found for this
density profile have adiabatic temperature gradients in the ionic water region and a composition
that contains water in the same region. The composition for this profile only contains water,
hydrogen and helium while most of the profiles contain also SiOy at least towards the center.
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Figure 35: Composition and temperature results for the density model 33 with § = 0.1 and € =
0.01
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Figure 36: Total mass fractions as a function of the central temperature for g = 0.1

Figure[36)shows the total mass fractions of all components as a function of the profiles central
temperatures. Since central temperature higher than log7, = 4.5 are very rare in this section
we are only discussing the total mass fraction ranges for the "reference temperature models”.
The total H — He mass fraction range is between 0.01 and 0.12. The total mass fraction of HoO
is in a range between 0.7 and 0.96. For SiOs the total mass fractions are all below 0.3, and
most of them are in a range between 0 and 0.04. The total mass fraction of Fe is between 0 and
0.016.
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4.3 Discussion of total bulk compositions and different 3 values

In this thesis, the random walk algorithm was implemented for the values 8 = 1, 0.5, 0.1. In
section temperature solutions were derived for those § values and compared to reference
temperature models. In section temperature and composition solutions were derived for
each of those 8 values.

As already stated in section [ is probably smaller than one maybe even significantly
smaller. However, it is difficult to say more precisely what value we should expect for 5. In
section [4.1] we can see that for 5 = 1, the solutions if they even exist have always higher central
temperatures than the reference models. If we trust the reference models this supports the
assumption that 5 should probably be smaller than 1. For § = 0.1 and 8 = 0.5 many central
temperature solutions were found in the range of the reference models. The temperature results
from section also show that for 3 = 1 many central temperatures higher than 10° K are found
and for almost all solutions the central temperatures are higher than the central temperature
range of the reference models which is between 1033 K and 10*® K. For 3 = 0.5 some central
temperature higher than 10° K are found but the majority of solutions have central temperature
in the range of the reference models. For § = 0.1, almost all central temperature solutions are in
the range of the reference models and no solutions were found with central temperatures higher
than 106 K.

Table [5] shows the composition range for all 5 values 0.1, 0.5 and 1 split up into four different
temperature model categories.

reference moderate hot models extreme
temperature models hot models
models
log T. [K] 3.3-4.5 4.5 -4.9 4.9 - 5.05 > 5.05
B=1
number of 82 586 434 317
models
H — He 0.01 - 0.06 0.01 - 0.06 0.00 - 0.04 0.00 - 0.03
HyO 0.62 - 0.92 0.28 - 0.92 0.02 - 0.40 0.01 - 0.25
SiO9 0.00 - 0.30 0.00 - 0.67 0.26 - 0.92 0.01 - 0.92
Fe 0.00 - 0.03 0.00 - 0.03 0.00 - 0.36 0.00 - 0.86
B =0.5
number of 964 73 138 70
models
H — He 0.01 - 0.08 0.00 - 0.07 0.00 - 0.02 0.00 - 0.03
HyO 0.64 - 0.98 0.55 - 0.87 0.03 - 0.37 0.01 - 0.23
Si09 0.00 - 0.31 0.01 - 0.42 0.43 - 0.95 0.03 - 0.76
Fe 0.00 - 0.02 0.00 - 0.02 0.00 - 0.39 0.09 - 0.88
B =0.1
H — He 0.01 - 0.12
HyO 0.70 - 0.96
SiO9 0.00 - 0.30
Fe 0.00 - 0.016

Table 5: Total mass fractions overview for all components in different model categories for g =
1, 0.5, 0.1

The choice of 8 has a great influence on the central temperature distribution of the solutions.
The composition range mainly depends on the central temperature and not as much on the g
value. If we only look at the composition ranges of only one central temperature category in
many cases the range doesn’t vary much for the different 8 values. We can use this recognition to
make a summary of the composition range independent of the 8 choice. The total mass fraction
range for H — He and Fe for all temperature categories only varies slightly with a change of
B. For HoO and Si0-, the composition range in some cases varies a bit more with a change of
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S. Table [6] shows the whole composition range for different central temperature categories if all
results for 8 = 1, 0.5, 0.1 are considered.

reference moderate hot models extreme
temperature models hot models
models
log T. [K] 3.3-4.5 4.5 -4.9 4.9 - 5.05 > 5.05
H — He 0.01 - 0.12 0.00 - 0.07 0.00 - 0.04 0.00 - 0.03
HyO 0.62 - 0.98 0.28 - 0.92 0.02 - 0.40 0.01 - 0.25
Si09 0.00 - 0.31 0.00 - 0.67 0.26 - 0.95 0.01 - 0.92
Fe 0.00 - 0.03 0.00 - 0.03 0.00 - 0.39 0.00 - 0.88

Table 6: Total mass fractions summary for all components in different model categories for § =
1,0.5, 0.1

The total mass fraction range of H — He can be narrowed down the best since, independent
of B and the central temperature, it is always in a range between 0 and 0.12. The total mass
fraction ranges of HoO and Si0> depend very much on the central temperatures. The lower the
central temperatures are, the higher the total water and the lower the total rock mass fraction
gets. For a central temperature range as in the reference models, the total mass fraction of rocks
(S102) is always below 0.31 and the total mass fraction of water, in this case, is between 0.62
and 0.98. For higher central temperatures the total water mass fraction can go down to 0.01
and the the total rock (Si0O3) mass fraction goes up to 0.95. The total iron mass fraction range
depends very much on the central temperature. While for central temperature below 109 K
the total mass fraction is always below 0.03 it can get up to 0.88 for central temperatures higher
than 10°9 K. Such high total iron mass fractions are only found in a few solutions with very
high central temperatures and don’t seem realistic.
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4.4 Discussion of composition layers

In this thesis, a broad variety of composition profiles were found. The composition profiles de-
pend strongly on the density profiles used and the choice of 8 and/or the central temperature.
In this section, the range of different composition profiles is shown and possible layer transitions
are discussed. The profiles are split into different categories. In section the compositions
only containing hydrogen-helium and water are discussed. The profiles in section [4.4.2| con-
tain hydrogen-helium, water and rocks (Si02). In section the compositions containing
hydrogen-helium, water, rocks (Si03) and iron are presented.

4.4.1 Compositions with hydrogen-helium and water

For a few profiles with 8 = 0.1 and g = 0.5, it is possible to find compositions that only contain
hydrogen-helium and water. All those profiles look very similar to the example profile in figure
They start at the surface with a lower water mass fraction and have the strongest increase
of water mass fraction in the radial range (0.7 - 1 ) r/Ryranus- After this increase, many of
those compositions remain constant or only have a small increase of water towards the center.
For all of those Profiles, the H — He mass fraction drops below 0.2 at a radius higher than 0.7

T/RUranus-

Total mass fractions [Meee/Muranus 1: H-He
H-He: 0.13 H;0: 0.87 SiO: 0.0 Fe: 0.0 Hy0
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1.0 Fe
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N
0.4 1
0.2 4
0.0
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0.0 0.2 0.4 0.6 0.8 1.0

normalized radius [r/Ruranus]

Figure 37: Possible H — He and H20O composition of density model 37 with § = 0.1
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4.4.2 Compositions with hydrogen-helium, water and rocks (Si0,)

Most of the profiles found with 8 values 1, 0.5 and 0.1 contain hydrogen-helium, water and
rocks. In this section, different layer transitions found for this set of components are shown.

The most common profile type found for this combination of components is shown in figure
For this profile type the Si0O2 mass fraction continuously increases starting in a radial range
between 0.2 and 0.8 7/Ryranys and stays below a mass fraction of 0.5 in most cases. In some
cases, a mass fraction jump closer to the center leads to SiOs mass fractions up to 1.
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normalized radius [r/Ruranus]

Figure 38: Possible H — He, H20, Si0Os composition of density model 43 with 8 = 0.5

For f =1 and 8 = 0.5 some solutions similar to the composition shown in figure [39] were
found. Those profiles have their strongest increase of rocks in the radial range between 0.6 and
0.8 7/Ruranus and usually reach Si09 mass fraction higher than 0.8 towards the center. Since
by construction of the random walk algorithm, only mixtures of two materials can exist, the
H — He mass fraction in this profile type drops to 0 in the radial range between 0.6 and 0.8
7/ Ruranus and below 0.2 at a radius higher than 0.7 7/Ryyanys. For very few similar profiles
the increase of SiOs already begins above 0.8 7/Ryranus-
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Figure 39: Possible H — He, H20O, Si0O2 composition of density model 31 with g =1

For f# = 0.1 and 8 = 0.5 some solutions were found similar to the one shown in figure {40}
In this profile type, there is a mass fraction jump of SiOs in the radial range between 0.7 and
0.8 7/Ryranus and a drop to 0 of the H — He mass fraction in the same range. After the jump
both water and rocks mass fractions remain constant and the rocks (Si02) mass fraction stays
below 0.5. In some cases, the water mass fraction remains relatively constant for the whole
radial range while in others there is also an abrupt increase of the water mass fraction in the
radial range between 0.7 and 0.8 7/ Ryranus-
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Figure 40: Possible H — He, H20, Si0O- composition of density model 34 with 8 = 0.1
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For 8 =1, 0.5, 0.1 some solutions were found similar to the one shown in figure In
this profile type, there is a mass fraction jump of SiOs in the radial range between 0.1 and 0.4
7/ Ruranus and a drop of the HoO mass fraction in the same range. After the jump, the rocks
(Si032) mass fraction reaches values above 0.5. The H — He mass fraction already drops below
0.2 at a radius higher than 0.7 7/ Ryranus-
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Figure 41: Possible H — He, Hy0, Si0O2 composition of density model 63 with g = 0.1

For the composition profiles that are composed of hydrogen-helium, water and rocks (SiO3)
we can get very different solutions. However, there are some properties that they all have in
common. For all profiles, the H — He mass fraction drops below 0.2 and the HoO mass fraction
increases to a value above 0.6 at a radius higher than 0.7 7/ Ry, anus-

4.4.3 Compositions with hydrogen-helium, water, rocks (Si0,) and iron

For some profiles with 8 = 1, 0.5, 0.1 compositions containing hydrogen-helium, water, rocks
and iron are found. In this section, different layer transitions found for this set of components
are shown.

The most common profile type found for this combination of components is shown in figure
42a]l For this profile type the SiOs mass fraction increases slowly starting in a radial range
between 0.2 and 0.8 7/ Ryyranus- In the radial range below 0.2 r/ Riypanys the water mass fraction
drops instantaneously to zero and the iron makes a jump from zero to any mass fraction between
0.05 and 1. At the same radius where we observe the iron jump there is usually also a jump of
the Si02 mass fraction from values below 0.5 to any value between 0 and 1. In most cases, the
jump leads to an increase in mass fraction as shown in figure while in some cases the jump
leads to a decrease of the SiOy mass fraction. The H — He mass fraction drops below 0.1 in at
a radius higher than 0.7 r/Ryrqnus- For 8 = 0.1 profiles like the example shown in figure
are more common. This type of profile shares most of the described properties with the profile
type shown in figure The only difference is that in this profile type the SiOy mass fraction
stays zero until the jump in the region below 0.2 r/Ryranus-
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Figure 42: Compositions with H — He, H20, SiO5 and Fe of density model 84

For g8 = 0.5 and B = 1 some profiles with very high central temperatures are found similar
to the example shown in figure This type of profile has an iron mass fraction gradually
increasing to values above 0.8 in the region between 0.2 and 0.8 /Ryrqnus- The H — He mass
fractions in these profiles drop below 0.2 in the region above 0.8 7/ Ryranus-
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Figure 43: Possible H — He, H,0O, Si0s, Fe composition of density model 49 with § = 1

For 8 = 1, some profiles similar to the example shown in figure [43] are found. In this type
of profiles, a fast increase of the SiOy mass fraction happens between 0.6 and 0.9 r/Ryranus
reaching values above 0.8 after the increase. In a region below 0.4 r/Ryranus & jump of iron
raises the iron mass fraction to values between 0.1 and 1. The H — He mass fraction drops
below 0.2 in a region above 0.8 r/Ryranus-
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Figure 44: Possible H — He, H2O, S5i02, Fe composition of density model 54 with § =1

For the composition profiles that are composed of hydrogen-helium, water, rocks (Si0O3) and
iron we can get very different solutions. However, there are some properties that they all have in
common. For all profiles, the H — He mass fraction drops below 0.2 and the H2O mass fraction
increases to a value above 0.8 at a radius higher than 0.7 7/ Ry ranus-
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5 Conclusions & Outlook

Conclusions

In this thesis, we presented a random walk approach to derive temperature and composition
models for Uranus based on a density profile. The temperature profiles in this thesis tend to
be higher than the temperature models of prior publications from Nettelmann et al., |[Podolak
et al.|, Neuenschwander et al.. The height of the temperature profiles depends much on the limit
[ from equation on the temperature gradient. In some cases choosing a small enough
value can limit the temperature solution such that they are in the range of prior publications.
However in other cases for smaller 8 values no solutions could be found. The best agreement
of temperature profiles from this thesis and prior publications was found for the temperature
models Ul and U2 from [13] and the models 2 PV and 4 PV from [15].

In the analysis of the temperature profiles based on the density profiles from Luca Morf, we
investigated the central temperature ranges. With no limit on the temperature gradient (5 =
1), the central temperatures are in a range T. = (1.1 — 16.5) - 10* K. With lower temperature
gradient limits such as § = 0.1 the central temperatures can also be limited to a lower range
T. = (0.4—4)-10* K. For 8 = 0.5 the central temperatures are in the range T, = (0.8—16.5)-10%.
For many profiles from figure [Ab] we were able to find profiles with adiabatic solutions in the
ionic water region. This profile structure could form a dynamo allowing the creation of a
magnetic field. If we only consider the dynamo consistent profiles and apply no temperature
gradient limit (5 = 1), the central temperatures can be limited to a more narrow spectrum of
T, = (1.7—11.3)-10* K. For the lower temperature gradient limit 3 = 0.1 the central temperature
range remains 7, = (0.4—4)-10* K regardless of whether all profiles or only the dynamo consistent
profiles are considered. For 5 = 0.5, the dynamo consistent profiles have a central temperature
range of T, = (1.4 — 3.7) - 10* K if outliers are neglected. Our total mass fraction solutions
of a profile from figure have a strong dependence on the central temperature of the profile.
Therefore the profiles from section were split up into four categories: ”reference temperature
model”, "moderate model”, "hot model” and ”extreme hot model”. Table |[7| shows the ranges
of total mass fractions for all 8 choices and split up into the four temperature categories.

reference moderate hot models extreme
temperature models hot models
models
log Te [K] 3.3-4.5 4.5 -4.9 4.9 - 5.05 > 5.05
H — He 0.01 - 0.12 0.00 - 0.07 0.00 - 0.04 0.00 - 0.03
HyO 0.62 - 0.98 0.28 - 0.92 0.02 - 0.40 0.01 - 0.25
Si09 0.00 - 0.31 0.00 - 0.67 0.26 - 0.95 0.01 - 0.92
Fe 0.00 - 0.03 0.00 - 0.03 0.00 - 0.39 0.00 - 0.88

Table 7: Total mass fractions summary for all components in different model categories for § =
1, 0.5, 0.1

Independent of the central temperature the total mass fraction of hydrogen-helium was below
0.12 for all our composition solutions for the density profiles from figure [db|and all gradient limits
8 = 0.1, 0.5, 1. For the composition layers, we found a broad variety of solutions with most
profiles containing hydrogen-helium, water and rocks (Si0Oz). Some profiles are composed of
hydrogen-helium, water, rocks (Si02) and iron and a few profiles only contain hydrogen-helium
and water. Independent of the compositions all profiles have in common that the hydrogen-
helium mass fraction drops below 0.2 at a radius higher than 0.7 r/Ryranus. And the water
mass fraction increases to a value above 0.6 at a radius higher than 0.7 7/ Ryranus-
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Outlook

Some aspects of the composition and the temperature result are strongly influenced by the
construction of the random walk algorithm. It is important to note that the random walk
algorithm as presented in this thesis only allows mixtures of two materials. This has a great
impact on the composition and the total mass fractions of the components. The total mass
fraction of hydrogen-helium is limited to a lower value by construction of the random walk
algorithm since in the interior as soon as rock is present the algorithm doesn’t allow the presence
of hydrogen-helium anymore. For future work, it would be interesting to consider also mixtures
of more than two components.

The height of the temperature solution depends strongly on the temperature gradient limit
B from equation The values for S in this thesis were arbitrarily selected, as there is no
theoretical basis guiding their choice. The values were chosen such that they reflect a range
of possible profiles for different 5 values but it is crucial to approach the choices and their
corresponding temperature solutions with caution.

To compatibility of the solutions with magnetic field generation depends on the presence of
an adiabatic profile in the ionic water region. It is important to note that the ionic water region,
used in this thesis was derived for pure water while the profile solutions in this thesis aren’t
composed of pure water in this region. The ionic region has already an uncertainty of 10-20%
for pure water. For a mixture of water and additional elements, we don’t know how accurate
this region still is. The presence of an adiabatic region depends on the choice of the relative
entropy change variable € in equation

Although the choices we make for the gradient limit 5 and the entropy change variable €
influence our solutions, the density profile we use usually has a greater impact on the compo-
sition solutions. A mission dedicated to measuring Uranus’ gravitational field with a higher
accuracy would help constrain the density profiles and therefore would also further constrain
the composition profiles.
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